PRIME-LEVEL ENTANGLEMENTS UNDER RATIONAL ISOGENY
MICHAEL CERCHIA

ABSTRACT. We classify how the prime-level entanglement fields Q(E[p]) N Q(E[q]) vary in
a rational isogeny class of non-CM elliptic curves over Q. If p and ¢ are odd, this field is
constant throughout the class. For cyclic isogenies of odd degree, the field can change only
when the isogeny has degree 3 and {p, ¢} = {2, 3}. If such a change occurs, the isogeny class
consists of two curves, and the two entanglement fields are L and Q(v/—3), where L is their
common 2-division field and Gal(L/Q) ~ Ss.

For classes containing a rational 2-isogeny, we classify all possible (2, ¢)-intersection pat-
terns in the isogeny graph. Some of the patterns occur precisely when certain elliptic curves
have positive rank. As a consequence, a rational cyclic 16-isogeny with a nontrivial (2, ¢)-
intersection exists if and only if ¢ is a congruent number.

1. INTRODUCTION

Let E/Q be an elliptic curve. The action of Gg := Gal(Q/Q) on the torsion points of
E yields the adelic representation pp : Gg — GLQ@). When FE is non-CM, Serre’s open
image theorem says that pp(Gg) has finite index in GLy(Z) [17]. 1t is then natural to ask
which images can occur.

For elliptic curves over Q admitting a rational cyclic isogeny, recent work of Finnerty,
Genao, Mayle, and Rakvi determines the possible adelic indices [GLa(Z) : pr(Gg)] [9].
However, the index alone does not determine the adelic image. Even the individual ¢-
adic images do not determine the adelic image, since division fields at distinct primes can
intersect. Understanding these division field “entanglements” and how they vary under
isogeny is therefore a necessary step towards classifying the possible adelic images of elliptic
curves admitting a rational isogeny.

To formulate the current problem precisely, we introduce some notation. For n > 1 and
distinct primes p, g, set

K, (E) :=Q(E[n]) and F,,(F):=K,(E)NK,/(E).

All division fields are viewed inside a fixed algebraic closure Q. For notational convenience,
we write F' = F,, ,(E) when this is unambiguous. If F' # Q, we call ' an entanglement field,
and say that F has a (p, q)-entanglement. We say that the entanglement is abelian if F/Q is
abelian and nonabelian if F//Q is nonabelian. Since K,,(E) = K,(E)K,(E), it follows from
Galois theory that pg,e(Gg) ~ pep(Go) Xcar/@) PEe(Go). Consequently,

[0Ep(Ga) X pEG(Ga) : pE(Go)] = [F: Q).
Thus, the entanglement field F' measures the failure of the mod pg image to be the direct

product of the mod p and mod ¢ images.
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Entanglements of division fields have been studied in [7, 6, 5, 11]. To study entanglement
variation under rational isogeny, we organize a rational isogeny class C by its isogeny graph
G(€). The vertices of this graph are the Q-isomorphism classes of elliptic curves in the class,
and there is an edge between two vertices whenever there is a rational isogeny of prime
degree between them. Our main theorem determines how the fields F}, ,(E) can vary in this
graph.

For an odd prime ¢, let ¢* = (—1)@Y/2¢ and let W, = Q(\/¢%), which is the unique
quadratic subfield of Q((,).

Theorem 1.1. Let C be a rational isogeny class of non-CM elliptic curves, and let p # q be
primes. Then the following hold.

(1) If p and q are both odd, then F,,(E) is the same for every E € C.

(2) Suppose that C has no rational 2-isogeny. If F,,(E) is not constant on C, then
{p,q} = {2,3} and C consists of two curves, E and E', connected by a rational 3-
isogeny. Their common 2-division field L = Ky(F) = Ky(E') satisfies Gal(L/Q) =~
Ss, and

{Fo3(E), Fop(E)} = {L,Q(V=3)}.
This variation occurs for infinitely many distinct rational isogeny classes.

(3) Suppose that € has a rational 2-isogeny. For every odd prime q, the field K,(E)NQ?*
is the same for all E € C. Writing A,(C) for this common field, we have

Foy(E) = K5(E) N Ay(€)

for every E € C. These intersections have degree at most two over Q, are constant
along edges of odd degree, and equal Q at vertices with full rational 2-torsion.

(4) Under the hypothesis of (3), if ¢ > 7, then Fy4(E) € {Q,W,} for every E € C. For
every odd prime q, the complete graph-level classification is given in tables 4 and 5.
Fvery such pattern occurs in infinitely many distinct rational isogeny classes.

We note that the cases ¢ = 3,5 require separate treatment because their division fields
may contain quadratic subfields other than Wj.

The existence of certain (2, ¢)-entanglement patterns at a fixed ¢ is governed by the ranks
of the following elliptic curves, with w = ¢*:

(1.1) Slog: Y?=X’—2wX?+ 50X,
(1.2) Sag: Y?=X+2wX? - 3uwX,
(1.3) S6q: Y =X — X,

(1.4) Ssq: Yi=X+ub

Write ry(q) = rank év ,(Q).

Theorem 1.2. Let q be an odd prime and N € {10,12,16,18}. There is a rational cyclic
N-isogeny E — E' between non-CM elliptic curves for which one of Fy (E) and Fy,(E')
is Wy if and only if rn(q) > 0. Whenever this happens, the other intersection is Q. If
rn(q) > 0, both ordered pairs (W,, Q) and (Q, W,) occur for infinitely many distinct source
J-invariants.

A positive integer is a congruent number if it is the area of a right triangle with rational side
lengths. The standard correspondence between congruent numbers and nontorsion rational
points on Y2 = X3 — ¢2X (see, for example, [8]) leads to the following consequence.



PRIME-LEVEL ENTANGLEMENTS UNDER ISOGENY 3

Corollary 1.3. Let g be an odd prime. There exists a rational cyclic 16-isogeny E — E'
between non-CM elliptic curves such that one of Fy4(E) and Fy4(E') is nontrivial if and
only if q is a congruent number.

We also determine the possible pairs of intersection fields across rational cyclic isogenies of
composite degree. The complete list is given in corollary 9.2. Arbitrary (possibly noncyclic)
isogenies are handled by proposition 9.3.

1.1. Proof strategy. It is a standard fact that a rational isogeny of degree d preserves the
n-division field whenever ged(n, d) = 1. Consequently, a prime-level intersection can change
across an isogeny only if one of its level primes divides d.

For isogenies of odd prime degree, we show that the maximal abelian subfield of every
prime-level intersection is preserved, and that a change involving a nonabelian intersection
can occur only for the pair {2,3} across a rational 3-isogeny. We use a level 18 modular
curve of Jones-McMurdy [11] and the modular curve X’(6) of Brau-Jones [2] to determine
the two intersection fields in theorem 1.1(2).

For classes containing a rational 2-isogeny, each 2-division field K,(E) has degree at most
two over Q and is therefore abelian. We show that K,(F) N Q" is constant throughout the
isogeny class for every odd prime ¢q. Thus, F;,(F) is nontrivial precisely when K5(E) is a
quadratic subfield of this fixed abelian field.

To apply this criterion, we use the classification of rational isogeny-torsion graphs of
Chiloyan—Lozano-Robledo [4] to determine the 2-division fields at the vertices. For ¢ > 7,
the mod ¢ image is surjective, so Fy,(E) is nontrivial precisely when Ky(E) = W,. For
q = 3,5, the division fields K ,(F) may contain quadratic subfields other than W,. We
determine these from the quadratic characters of the mod ¢ Galois images. Specifically, for
g = 3 we use Rakvi’s classification of the 3-adic images [16]. For ¢ = 5, we use the mod 5
image restrictions of [9] and the quadratic field calculations of [6].

1.2. Outline. In Section 2, we present preliminary results on division fields and rational
isogeny graphs. In Section 3, we consider odd-degree isogenies and determine the exceptional
(2,3) transition. In Section 4, we compute the 2-division fields across a rational 2-isogeny
and classify the intersections when K, (£) has a unique quadratic subfield. In Section 5,
we classify (2, 3)-intersections for curves admitting rational 2 and 3-isogenies and determine
the (2, g)-intersection patterns on the mixed graphs R4(6), S, and Rg(18). In Section 6,
we handle the remaining (2, 3)-intersection cases. In Section 7, we study (2, ¢)-intersections
in classes admitting rational 5-isogenies. In Section 8, we analyze isogeny graphs with
multiple 2-isogenies and no odd-degree edges, and establish the congruent-number criterion.
In Section 9, we assemble the complete graph-level classification, prove theorems 1.1 and 1.2,
and determine the possible intersection fields across composite-degree and arbitrary isogenies.
The appendix collects the rational point calculations used in the proofs.

Acknowledgments. We thank Rakvi for a helpful conversation that led to the extension
of the main theorem from fixed isogenies to full isogeny classes.

2. PRELIMINARIES ON DIVISION FIELDS AND RATIONAL ISOGENY GRAPHS

For a positive integer n, let A,(F) := K,(E) N Q® be the maximal abelian subfield of
K,(F). For distinct primes p and ¢, we have that F, ,(E) N Q* = A,(E) N A,(E). When
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this field is nontrivial, its Galois group over Q is the prime-level abelian entanglement type
in the terminology of Daniels—Lozano-Robledo-Morrow [6, Definition 3.2].
The following Lemma is well known, but we include it here for completeness.

Lemma 2.1. Let ¢ : E — E’ be a Q-rational isogeny of degree d, and let n be a positive
integer with ged(n,d) = 1. Then K,(E) = K,(E').

Proof. Since ged(n,deg¢) = 1, we have that E[n] Nker¢ = {0}. Thus, the restriction
¢ : Eln] — FE’[n] is injective, and hence an isomorphism since both groups have order n?.
Since ¢ is defined over Q, this isomorphism is Gg-equivariant. Therefore, o € G fixes E[n|
pointwise if and only if it fixes E’'[n]| pointwise, and so K, (E) = K, (E").

In particular, across an isogeny of prime degree A, a prime-level intersection F,, can
change only if A € {p, ¢}.

2.1. Invariance under odd-prime isogenies. To prove the invariance of maximal abelian
subfields under odd-prime isogenies, we use the following description of the abelianization
of a Borel subgroup.

Lemma 2.2. Let A be an odd prime and let H C B(\) have surjective determinant. Let U
be the subgroup of upper triangular matrices with 1’s on the diagonal and let 6 : H — (F})?
be the diagonal map. Then [H,H] = HNU = kerd. Consequently, H* ~ §(H), and the

commutator subgroup of every quotient of H has order 1 or \.

Proof. Since the determinant is surjective and A is odd, H contains an element with unequal
diagonal entries. By [14, Lemma 2.2], we have [H, H] = H NU = kerd. The remaining
assertions follow since U ~ C). O

In particular, if the mod A representation of £/Q has diagonal characters « and /3, then
A\(E) = ler(a #)  where ker(c, 8) = ker a N ker f3.

Theorem 2.3. Let ¢ : E — E’ be a rational cyclic isogeny of odd prime degree \. Then
A(E) = Ay(E") for every prz’me (. Consequently, for distinct primes p and q,

Foq(BE)NQ™ = Fo(E) NQ™.

Proof. For { # )\, it follows immediately from lemma 2.1 that A,(E) = A,(E’).

It remains to COIlSldel" ¢ =M\ Let ¢y and 1" be the characters describing the Galois actions
on ker ¢ and ker ¢, respectively, where ¢ is the dual isogeny. Choose a basis {P,Q} of E[)]
with P generating ker ¢. Then ¢(Q) is a nonzero element of kergzﬁ and therefore generates
it. Since ¢ is Gg-equivariant, the diagonal characters on E[)\| are (¢,¢). Similarly, using
the dual isogeny, the diagonal characters on E'[A] are (¢/,1). By the remark following
lemma 2.2 AA(E) = @ker(w’wl) = @ker(w/’w) = A,(E'). The final assertion follows from

F,,(E)N Qab A,(E)N Ay (F) and the same identity for E'. O

We record the following standard result on the factorization of rational isogenies.

Lemma 2.4. Let ¢ : E — E’ be a rational isogeny. There exist a positive integer a and a
rational cyclic isogeny v : E — E' such that ¢ = 1 o [a]. Moreover, 1 factors over Q into
1sogenies of prime degree.



PRIME-LEVEL ENTANGLEMENTS UNDER ISOGENY 5

Proof. Over Q, we write ker ¢ ~ C, x Cj,, where a | b. The subgroup (ker ¢)[a] has order a?.
Since (ker ¢)[a] C E[a] and |E[a]| = a?, we have (ker ¢)[a] = E[a]. Thus, ¢ = 1 o [a] for an
isogeny ¢ : E — E', and ker v = [a](ker ¢) is cyclic of order b/a. The factorization through
the surjective map [a] is unique, and so v is defined over Q.

The cyclic group ker has a unique subgroup of each order dividing its order. Since
ker v is Gg-stable, each of these subgroups is also Gig-stable. Successive quotients therefore
produce a factorization of ¢ over Q into isogenies of prime degree. 0J

Applying theorem 2.3 along this factorization shows that every rational cyclic isogeny of
odd degree preserves Ay(FE) for every prime ¢, and hence preserves F), ,(F) N Q.

Proposition 2.5. Let C be a rational isogeny class. For every odd prime q, the field A,(E)
is the same for all E € C.

Proof. By lemma 2.4, any two vertices can be connected by rational prime-degree isogenies.
An isogeny of prime degree ¢ # ¢ preserves K,(F) by lemma 2.1, while an isogeny of
degree ¢ preserves A,(E) by theorem 2.3. Applying these statements successively proves the
claim. O

We write A,(€) for this common field. The restriction to odd ¢ is important: As(E) need
not be constant on C.

2.2. Rational isogeny graphs. We organize an isogeny class € by its corresponding isogeny
graph G(€). The vertices of G(€) are the Q-isomorphism classes in €. An edge of label ¢
joins two vertices when they are connected by a rational isogeny of prime degree ¢. We use
the graph notation of Chiloyan—Lozano-Robledo [4], and we call a vertex corresponding to a
curve with full rational 2-torsion a core vertex. We call an isogeny graph mized if it contains
both 2-edges and odd-degree edges.

For non-CM curves, the graphs containing a 2-edge are

L2(2>7 T47 T67 T87 R4<6)7 R4<1O)7 Su R6<18)

The graph Ly(2) is a single edge; the other shapes appear in figure 1. This is the list from [4,
Theorem 1.2] needed here. The curves at all vertices of these graphs have rational 2-torsion.
Across an odd-degree edge, rational 2-torsion is preserved because an odd-degree isogeny
induces a Gg-equivariant isomorphism on 2-torsion, as in the proof of lemma 2.1. Across
a 2-edge, both curves have rational 2-torsion, since the isogeny and its dual each have a
rational kernel of order 2.
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T, Tg
[
Ty ¢
Ru(20), ¢ = 3,5
3
3 RPN
(1]
s
3 Re(18)
s

F1GURE 1. The non-CM rational isogeny graphs containing a 2-edge other
than Ls(2). Solid edges have degree 2; dashed edges have the indicated odd
degree. Filled vertices have full rational 2-torsion.

For the analysis of (2, 3)-entanglements, we also need the possible mod 3 Galois images
on these graphs. We write B(g) for the upper-triangular subgroup of GLy(F,), and Cs(q),
Chs(q), Ns(q), and Nps(q) for the split and nonsplit Cartans and their normalizers. Rakvi’s
classification shows that every vertex of Ty, Ty, Ts, and R4(10) has full mod 3 image. On
L4(2), the possible mod 3 images are GLy(FF3), N5(3), and Nys(3) [16, Theorem 1.1, Tables 1
and 3]. The graphs R4(6), S, and Rg(18) have rational 3-isogenies at every vertex.

2.3. An infinitude criterion. We use the following consequence of Hilbert irreducibility
to show that the intersection patterns constructed below occur for infinitely many distinct
J-invariants.

Lemma 2.6. Let U be a smooth rational variety of positive dimension over Q, and let € — U
be a family of elliptic curves. Fix a positive integer n and a subgroup G C GlLo(Z/nZ)
containing the generic mod n image. Suppose some good rational specialization has exact
mod n image G.

Let f1,...,f. € QU)* be nonsquares. Then there are infinitely many u € U(Q) for
which the specialization has exact mod n image G and every f;(u) is defined and nonsquare.
These points can be chosen outside any prescribed proper closed subset of U. If the j-map is
nonconstant, they can also be chosen with pairwise distinct j-invariants.

Proof. The image at a good specialization is, up to conjugacy, contained in the generic image.
Thus the generic image is G, and Hilbert irreducibility shows that the specializations with
smaller image lie in a thin set [18, Chapter 3].

Since each f; is a nonsquare in Q(U), the equation y? = f; defines an irreducible double
cover of U over a suitable open subset. Hence the rational points where f;(u) is a square
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also form a thin set. A finite union of thin sets and proper closed subsets cannot exhaust
the rational points of a positive-dimensional rational variety.

Finally, if the j-map is nonconstant, each fiber is a proper closed subset of U. We can
therefore avoid the j-invariants of previously chosen points, obtaining infinitely many distinct
ones. 0

To apply the lemma, it suffices to exhibit a specialization with exact mod n image G
and verify that the functions defining the unwanted squareclass conditions are nonsquares
in Q(U). For the latter, it suffices to find for each function a specialization where its value
is nonsquare.

3. ODD-DEGREE ISOGENIES AND THE NONABELIAN EXCEPTION

By lemma 2.1 and theorem 2.3, if a prime-level intersection changes across a rational
isogeny of odd prime degree A, then A is one of the two level primes, and at least one of the
two intersection fields is nonabelian.

The goal of this section is to determine the pairs (A, q) for which such a nonabelian
intersection can occur.

3.1. Twists and Galois images. We adapt the argument of [23, Lemma 3.1] to apply for
every odd prime.

Lemma 3.1. Let q be an odd prime. If pg (Gq) = GLao(F,), then the mod q representation
of every quadratic twist of E is also surjective.

Proof. Let E be a quadratic twist of E, and let x4 : Gg — {#1} be the character that
factors through Gal(Q(v/d)/Q) — {#1}. After choosing compatible bases, Prw (o) =
Xa(0)peq(0). Hence ppw ,(Go) = GLy(F,). Since —1I lies in the center of GLy(IF,), taking
commutator subgroups shows that ppw ,(Gg) contains SLy(IF,). The determinant of pp ,
is the mod ¢ cyclotomic character, and so it is surjective onto Fy. Thus, pr@ 4(Gg) =

GLy(F,). 0

To apply the g-adic image results below, we need a way to ensure that the image contains
—1I. The following lemma shows that this can be achieved by quadratic twisting and that
doing so does not change which rational isogenies the curve admits.

Lemma 3.2. Let E/Q be an elliptic curve, let q¢ be an odd prime, and let H = pg,(Gg).
There is a quadratic twist EX/Q whose mod q image is (H,—1I) and whose g-adic image
contains —I. Moreover, for every prime r, the curve E admits a rational r-isogeny if and
only if EX does.

Proof. Choose a quadratic character y whose corresponding quadratic field is linearly disjoint
from K,(E). Such a field exists because K,(E) has only finitely many quadratic subfields.
The image of (pg4, x) is H x {£1}, and so

pexq(Go) ={eh:h e H, e € {£1}} = (H,—I).
This mod ¢ claim also follows from [19, Corollary 5.25].
The g-adic image of EX is closed and contains an element ¢ = —I (mod ¢). Writing
g= —I(I +qA), we have g% — —I as n — oo, since ¢ is odd. Thus, the g-adic image of EX
contains —1.
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Under the identification E[r] ~ EX[r] over Q, the two Galois actions differ by the scalar
X(0). They therefore preserve the same one-dimensional subspaces, which correspond to

kernels of rational r-isogenies. For r = 2, the two representations are identical, since —1 = 1
in ]FQ. O

For the mod 5 argument below, we need to recover the original image from the group
obtained by adjoining —I. We let £S4(5) denote the exceptional subgroup of GLy(F5) with
projective image isomorphic to .Sy, which is unique up to conjugacy.

Lemma 3.3. Let H C GLy(FF5) have surjective determinant, and let H* .= (H,—1I). If H*
is either GLo(F5) or €S4(5), then H = H*.

Proof. For either group G € {GLy(F5), £S4(5)}, the determinant induces G* ~ Fy. For
GLQ(FE)) this follows from [GLQ(F5),GL2(F5)] = SLQ(F5), for 854(5) it follows from the
calculation in the proof of [5, Proposition 5.10]. Since F: ~ (4, the unique index two
subgroup of G is ker(det?), whose determinants are squares. If —I ¢ H, then H has index
two in H* and must be this subgroup, contradicting the surjectivity of det(H). 0

Lemma 3.4. Let E/Q be non-CM and admit a rational 11-isogeny. Then pgo3(Go) =
GLo(Fa3).

Proof. There are two non-CM rational j-invariants on X(11) (see [9, Section 6]). Represen-
tatives are

By +ay+y=2®+ 2% — 3052 + 7888,

By y? + oy = 2 + 2% — 3632z + 82757.
Both curves have good reduction at 2 and 3. A point count gives

‘ #E(F,y)  ay ‘ #E(F3) a3
4 —1 2 2
2 1 2 2,

Er
Es

where ay = + 1 — #E(F)).

For either curve, let G := pp23(Gg) and let G be its image in PGLy(Fy3). At a prime
¢ # 23 of good reduction, Frobenius has characteristic polynomial 22 — a,z + ¢ mod 23.

At ¢ = 2, the discriminant is a3 — 8 = —7 = 16 (mod 23), a nonzero square. The
eigenvalues are 13,9 for F and 14, 10 for E5. Their ratios in Fj; are 13/9 = 4 and 14/10 = 6,
both of order 11. The order of the eigenvalue ratio is the projective order. Thus, G contains
an element of order 11, represented by a matrix with distinct eigenvalues in Fy3 and nonzero
trace.

At ¢ = 3, the characteristic polynomial is 2% —2x+3, with discriminant —8 = 15 (mod 23),
a nonsquare. Thus, the corresponding Frobenius element has irreducible characteristic poly-
nomial over [Fo3 and nonzero trace.

By Dickson’s classification [19, Proposition 3.1], if G does not contain SLg(IFo3), then it
is contained in a Borel or a Cartan normalizer, or its projective image is isomorphic to Ay,
Sy, or As. The Frobenius at 3 excludes a Borel, since an upper-triangular matrix has its
eigenvalues in Fo3. It also excludes a split Cartan normalizer, since elements of the Cartan
have split characteristic polynomial, while elements outside the Cartan have trace zero.
The Frobenius at 2 excludes a nonsplit Cartan normalizer, since non-scalar elements of the
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Cartan have irreducible characteristic polynomial, while elements outside the Cartan have
trace zero. Finally, none of Ay, Sy, or A5 has an element of order 11. Hence, SLy(IFo3) C G.
The determinant is the surjective mod 23 cyclotomic character, and so G = GLg(Fa3).

Every curve over Q with either of these j-invariants is a quadratic twist of the correspond-
ing representative. The result follows from lemma 3.1. U

3.2. Restricting the prime pairs.

Proposition 3.5. Suppose E/Q is non-CM and admits a rational isogeny of odd prime
degree . Let q # X\ be prime. Suppose that the mod q image has a nonabelian solvable
quotient whose commutator subgroup is cyclic of order . Then

(A q) =(3,2) or (Ag)=(35)
In the second case, the mod 5 image is conjugate to £S4(5).

Proof. Let H, := ppq4(Ggq). If ¢ = 2, a subgroup of GLy(FFy) >~ S5 can have no nonabelian
quotient other than S3, which means A = 3. If ¢ = 3, then X\ would divide | GLy(F3)| = 48,
which is impossible for an odd prime \ # 3.

Suppose that ¢ > 5. If H, = GLy(F,), let 7 : H, — T be a solvable quotient. The group
SLy(FF,) is perfect, and so its image in 7" is both perfect and solvable, hence trivial. Thus
SLy(F,) C ker 7, and 7 factors through GLy(F,)/ SLa(F,) ~ F. In particular, T" is abelian.
If H, is contained in a Borel, its determinant is surjective, so lemma 2.2 shows that the
commutator subgroup of any quotient is trivial or cyclic of order ¢. Since ¢ # A, neither a
full image nor a subgroup of a Borel has the required quotient.

By Mazur’s theorem [15], the possible odd prime isogeny degrees for non-CM curves over
Q are A € {3,5,7,11,13,17,37}. Furthermore, Lemos proved that the mod ¢ Galois repre-
sentation is surjective for every ¢ > 37 [13], so we need only consider ¢ < 37.

The proposition numbers below refer to arXiv:2512.00652v2 of [9]. Whenever one of these
propositions states that the ¢-adic image is GL2(Z,), reduction mod ¢ shows that the mod
q image is GLy(F,). The exceptional 5-adic group 5.5.0.a.1 in that paper reduces to £S4(5).

Suppose first that A = 3 and F has no rational isogeny of larger prime degree. Propo-
sition 19(4) of [9] gives surjectivity for every ¢ > 7. To apply Proposition 19(3) at ¢ = 5,
use lemma 3.2 to choose a twist whose 5-adic image contains —/. The twist has the same
possible prime isogeny degrees, and its mod 5 image is (Hs, —I). Reducing the possibilities
in Proposition 19(3) mod 5, we find that (Hs, —1I) is either GLy(FF5) or conjugate to £S4(5).
By lemma 3.3, the same holds for H.

If E also has a rational isogeny of prime degree r > 3, the two kernels generate a Galois-
stable cyclic subgroup of order 3r. Kenku’s list [12] implies r € {5,7}. At ¢ = r, the
image is contained in a Borel. For every prime ¢ > 5 with ¢ # r, it is surjective by [9,
Propositions 20(4) and 21(4)]. Thus, for A = 3, only ¢ = 2 or ¢ = 5 with mod 5 image
conjugate to £54(5) remains.

For A = 5, [9, Proposition 20(4)] gives surjectivity for every ¢ > 7, while the groups at
q = 2,3 have order prime to 5. For A = 7, [9, Proposition 21(4)] gives surjectivity for ¢ > 5,
q # 7, and the groups at ¢ = 2,3 have order prime to 7. For A\ = 13, [9, Proposition 22(3)]
gives surjectivity for every ¢ > 3, g # 13, while | GLy(F3)| is prime to 13.

For A\ € {17,37}, no prime ¢ < 37 with ¢ # X satisfies A | ¢(¢ — 1)?(¢ + 1) = | GLa(F,)|.
For A = 11, the only such prime is ¢ = 23, which is excluded by lemma 3.4.

Thus, the only remaining pairs are (A, ¢) = (3,2) and (3,5). O



10 MICHAEL CERCHIA

The remaining mod 5 possibility cannot produce a nonabelian (3, 5)-intersection over Q.

Lemma 3.6. Let E/Q have mod 3 image Hy C B(3) and mod 5 image conjugate to £S4(5).
Then K3(E) N K5(E) is abelian over Q.

Proof. Suppose that F':= K3(E)NK5(E) is nonabelian, and let T := Gal(F'/Q). Restriction
makes T a quotient of both Hz and £S4(5). By lemma 2.2, [T, T] ~ C3 and H® ~ §(H3) C
Cy x Cy. On the other hand, €5,(5)*" ~ €, via the determinant, as recalled in the proof of
lemma 3.3. Thus 72", which is a quotient of both abelianizations, is either trivial or Cs. It
cannot be trivial, since this would mean 7" = [T, 7] ~ C5. Hence |T| = 6 and T' ~ S.

On the mod 3 side, write Us = {(} %) : © € F3}. Since [T, 7] is the image of [Hs, H3] =
H; N Us and has order 3, we have U3 C Hs, and the quotient map identifies Us with As.
Conjugation by h = (&%) on U; is equivalent to multiplication by a/d = ad = deth.
Conjugation on Aj is trivial for even permutations and inversion for odd permutations.
Hence, the sign character of the S3 quotient is the mod 3 cyclotomic character, and so the
unique quadratic subfield of F is Q(v/—3).

On the mod 5 side, the unique nontrivial quadratic character of €5,(5) is det?. Composing
with pg 5 yields the character corresponding to Q(\/g) The two quadratic fields are distinct,
which is a contradiction. 0

Corollary 3.7. Let ¢ : E — E' be a rational isogeny of odd prime degree A between non-CM
elliptic curves over Q, and suppose that A € {p,q}. If either K,(E) N K,(E) or K,(E") N
K,(E') is nonabelian, then

A=3 and {p,q}={2,3},

and the nonabelian Galois group is Ss.

Proof. Assume, after replacing ¢ by its dual if necessary, that K,(E) N K,(E) is nonabelian,
and relabel the primes so that p = A. The Galois group 7' of the intersection is a quotient
of the mod A Borel image. It is therefore solvable, with [T, 7] ~ C) by lemma 2.2. It is also
a quotient of the mod ¢ image. Apply proposition 3.5 and exclude (3,5) by lemma 3.6. At
q = 2, the only possible nonabelian quotient is Ss. [l

3.3. Excluding simultaneous nonabelian (2, 3)-entanglements. To determine the ex-
ceptional (2,3) transition, we first show that both endpoints of a rational 3-isogeny cannot
have nonabelian (2, 3)-entanglement.

Lemma 3.8. Let H C B(3) admit a surjection 7 : H — Ss. The projective map H —
B(3)/{£l} ~ Ss is surjective, and kerm = H N{xIl}. Thus, 7 differs from the projective
map only by an automorphism of Ss.

Proof. Since |B(3)| = 12, the order of H is 6 or 12. If |H| = 6, then H ~ S; has trivial center,
so —I ¢ H. The projective map is then injective and has image of order 6. If |H| = 12,
then H = B(3). The normal subgroup ker 7 has order two and therefore lies in the center.
Since the center of B(3) is {£}, this is its kernel. In either case, the two surjections have
the same kernel and differ by an automorphism of their common target. 0

Jones and McMurdy construct a genus zero modular curve X5 of level 18 whose associated
family satisfies Ky(F) C Ko(FE) [11, Section 3.5].
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Proposition 3.9. Let ¢ : E — E' be a rational 3-isogeny, and choose a basis of Ts3(FE)
whose first vector reduces to a generator of ker ¢. Let By C GLy(Z/97) be the inverse image
of B(3) under reduction mod 3. Then the projective mod 3 representation of E' is obtained
from the mod 9 representation of E via
a b 0
@:Bg—>PGL2<F3), <3C d) — [( CZ):| .

In particular, if ¢ is the rational 3-isogeny parametrized by a noncuspidal rational point on
Xis with non-CM j-invariant, then Ko(F) C K3(E').

QO

Proof. Write T3(E) = Zse; @ Zses, where the reduction of e; generates ker ¢. The isogeny
identifies T53(E) ® Q3 with T53(E’) ® Q3, under which T3(E’) = Zs(e1/3) & Zses.

For o € G, suppose its action on T3(F) is represented by g = (3?6 Z) In the corresponding
basis of T3(E’), the action of ¢ is represented by ¢ = (‘CL 3db) Reducing ¢’ mod 3 and
projectivizing yields the map ©. This map is well-defined mod 9, since the lower-left entry
of g determines ¢ mod 3.

The kernel of © is Ng = {(25) € By:7y=0 (mod 9), a=d (mod 3)}. Its image is the
full projective lower-triangular subgroup of PGLy(FF3), which has order 6 and is isomorphic
to 83.

By [11, Section 3.5], the group defining X3 is, up to conjugacy, the fiber product Gig :=
GL2(F2) X By/n, By, where the first map is an isomorphism GLy(F2) ~ By/Ny.

Since —I € Ny, the scalar —I belongs to Gig under the isomorphism GLy(Z/18Z) ~
GLo(Fy) x GLy(Z/9Z). Thus, containment in Gig is preserved by quadratic twisting and
depends only on the corresponding j-invariant.

For a rational point of X5, choose compatible bases so that the mod 18 image of E is
contained in G1g. The fiber product relation shows that the mod 2 representation of E and
the projective mod 3 representation of E’ have the same kernel. Thus, ker pg 5 C ker pg o,
and hence K»(E) C K3(E'), as claimed. O

Proposition 3.10. Let E — E’ be a rational 3-isogeny between non-CM elliptic curves over
Q, and suppose that (Ky(E') N K3(E'))/Q is nonabelian. Then j(E) lies in the image of

X13(Q).

Proof. By lemma 2.1, Ky(E) = Ky(E'). Since Gal(Ky(E')/Q) is a subgroup of Ss, its only
possible nonabelian quotient is S3. The hypothesis therefore yields

L= KQ(E) == KQ(E/) = KQ(E/) N Kg(E/)

with Gal(L/Q) ~ S;.

By lemma 3.8, the restriction map from the mod 3 image of E’ onto Gal(L/Q) is its
projective quotient, up to an automorphism of S5. By proposition 3.9, this projective repre-
sentation is obtained from the mod 9 image of FE by applying ©. Hence, the mod 18 image
of E is contained in the fiber product identifying these two S35 quotients.

Every automorphism of Ss is inner, so the choice of identification changes the fiber product
only by conjugacy. Thus, the mod 18 image of E is contained in a conjugate of G15. By
the modular interpretation, this corresponds to a rational point on X3 with j-invariant

J(E). O

On X(3), choose the parameter ¢ for which jo(¢) = (t+27)(t+243)3/t>. Jones-McMurdy’s
parameter u on Xy satisfies t = —27/(u® — 1)? (see [11, Theorem 3.13]). For the rational
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3-isogeny E — E' parametrized by u, denote the j-invariants of E and E' by jjs(u) and
J1s(u), respectively. Then
3(ud — 2)(3u® — 4)*(3u® — 2)3

(31) jlg(u) = —27 (u3 _ 1)2 s

while ji5(u) = (¢ +27)(t + 3)3/t.

For any such rational point with Gal(K(FE)/Q) ~ Ss, proposition 3.9 gives Ky(E') N
K3(E'") = Ky(E') = Ky(F). We next show that the intersection at E cannot also be this
field.

The Brau—Jones curve X'(6) parametrizes elliptic curves with K»(F) C K3(F). Its j-map
is jo(v) = 2193303(1 — 40?). To compare this map with (3.1), we use Fermat’s Last Theorem
for exponent 3: X3 4+ Y? = Z3 has no solution in nonzero integers [10, Chapter 17].

3 —y3 = 1 has exactly two rational solutions, (1,0)

Lemma 3.11. (1) The equation x
and (0,—1).

(2) The affine curve (z* — 1)(y® — 1) = —1 has no rational points.

Proof. Clearing denominators in 23 — y3 = 1 and applying Fermat’s Last Theorem shows
that x or y must be zero, giving the two stated solutions.
For the second assertion, write x = a/b in lowest terms, with b > 0. The equation forces

2> # 1 and y® = a;;_?blf. The numerator and denominator are coprime: a common divisor
divides b and a3, hence is 1. Writing y = ¢/d in lowest terms with d > 0, we obtain
a® — 2% = ec® and a® — b® = ed® for € € {+1}. If a = 0, the original equation gives y* = 2,
which is impossible in Q. Thus a, b, d are all nonzero. When ¢ = 1, the second identity gives
a® = b*+d3; when e = —1, it gives b3 = a®+d>. Both contradict Fermat’s Last Theorem. [

Theorem 3.12. Two non-CM elliptic curves over Q connected by a rational 3-isogeny cannot
both have nonabelian (2, 3)-entanglement.

Proof. Suppose that E — E’ is such an isogeny and both intersections are nonabelian. By
proposition 3.10, j(E) = jig(u) for some u € P'(Q). The containment Ky(F) C K3(FE) also
means j(FE) = jg(v) for some v € Q. Since u = 1 and u = oo are poles of jig, neither can

occur.
Factoring the numerator of js(v) — ji8(u) gives two possibilities: v3 = WO 3 =

64(u3—1)
—%. In the first case, v = 0 would force v = 0, since 4/3 is not a rational
cube. This means j(E) = 0, contrary to the non-CM hypothesis. We may therefore set
w = u(3u® — 4)/(4v), which implies w® = u® — 1. By lemma 3.11, the only possibilities are
(u,w) = (1,0) or (0, —1), which are both already excluded.
In the second case, 3u® — 2 # 0 for rational u, so set w = —4v/(3u® — 2). Then w?

(u® — 2)/(u® — 1), and hence (u® — 1)(w® — 1) = —1, which contradicts lemma 3.11. O
3.4. The exceptional (2,3) transition.

Lemma 3.13. Let ¢ : E — E' be a rational 3-isogeny between non-CM elliptic curves over
Q, and suppose that Ky(E) N K3(E) is nonabelian over Q. Then

Ky(E)NK3(E) = Ky(E), and Gal(Ky(F)/Q) ~ Ss,

and the unique quadratic subfield of Ko(E) is W := Q(v/—3). Moreover, W C Ky(E') N
K3(E).



PRIME-LEVEL ENTANGLEMENTS UNDER ISOGENY 13

Proof. The group Gal(K»2(FE)/Q) is a subgroup of GLy(Fy) ~ S5. The only such subgroup
with a nonabelian quotient is Ss itself, and its only nonabelian quotient is S3. Since Ky(FE)N
K3(E) is Galois over Q, it follows that Ky (E) N K3(E) = K2(F) and Gal(K»2(E)/Q) ~ Ss.

Choose a basis of E[3] whose first vector spans ker ¢, and let Hy C B(3) be the mod 3
image. Restriction gives 7 : Hy — Gal(K3(F)/Q) ~ S;. The sign character calculation in
the proof of lemma 3.6 applies to any such quotient and yields sgnomr = det. Composing
with pg 3 identifies the unique quadratic subfield of Ky(E) with Q(G) = Q(v/=3).

Finally, K»(E') = K5(F) by lemma 2.1, and the Weil pairing implies W = Q({3) C K3(E").
Therefore, W C Ky (E") N K3(E'). O

Theorem 3.14. Let E — E’ be a rational 3-isogeny between non-CM elliptic curves over
Q, and suppose that either E or E' has nonabelian (2, 3)-entanglement. Then

Ky(E) = Ky(E') =: L, with Gal(L/Q) ~ S,
and
{K2(E) N K3(E), Ka(E) N K3(E)}} = {L,Q(v-3)}.
Both orderings occur for infinitely many rational 3-isogenies with pairwise distinct source
J-1nvariants.

Proof. Use the dual isogeny if necessary so that K»(E)NK3(E) is nonabelian. By lemmas 2.1
and 3.13, L := Ky(E) = Ky(F') is an Ss-extension, Ky(E) N K3(E) = L, and W :=
Q(v—=3) C Ky(E') N K3(E"). The only Galois subfields of L/Q are Q, W, and L. The
containment excludes Q, while theorem 3.12 excludes L. Therefore, Ky(E') N K3(E") = W.

For the infinite claim, take a model €/Q(u) of the Jones-McMurdy level 18 family. The 2-
division field has Galois group Ss over Q(u) [11, Theorem 3.13]. Hilbert irreducibility applied
to Q(u)(&[2])/Q(u) yields infinitely many rational specializations with the same 2-division
Galois group, after excluding the finitely many bad parameters. For each specialization,
proposition 3.9 gives the Sz-intersection at E’, while lemma 3.13 and theorem 3.12 show
that the intersection at E is W.

Since 715 is nonconstant and has finite fibers, these specializations yield infinitely many
distinct source j-invariants. We may discard the finitely many CM j-invariants over Q. The
map j,5 is also nonconstant, so taking dual isogenies gives infinitely many distinct source
j-invariants in the other orientation. U

Example 3.15. At u = —1, the level 18 family gives a rational 3-isogeny from 486d1 to 486d2
20]. For E = 486d1, the 2-division polynomial f(z) = 42 — 3z* — 78z — 115 is irreducible
mod 7 and has discriminant —3 - 722, Hence, Gal(K5(E)/Q) ~ S3. By proposition 3.9
and theorem 3.14, the (2, 3)-intersection fields at 486d1 and 486d2 are Q(v/—3) and K, (E),
respectively.

3.5. Isogenies of odd composite degree. For a € Q*, write [a] for its class in Q> /Q*?.

Lemma 3.16. A non-CM elliptic curve over Q admitting two distinct rational 3-isogenies
does not have discriminant squareclass [—3].

Proof. Such a curve has mod 3 image contained in a split Cartan. The standard param-
3 3(42 3
eter [22, Theorem 1.2] gives J,(t) = 27U U CHS” - Direct factorization then yields

t3(t2+3t+3)3
o (t2=3)2 (1446434182 +181+9)?
Js(t) — 1728 = 27 B2 1313)7 .
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The identity j — 1728 = ¢2/A shows that the discriminant squareclass is [3t(t* + 3t + 3)].
Equality with [—3] requires y*> = —t(t> 4+ 3t + 3). Setting x = —t — 1 gives y*> = 23 + 1. Its
rational points are O, (—1,0), (0, 1), (2, £3), as recorded in section A. The resulting values
t =0,—1,—3,00 are cuspidal or give j = 0. 0

Proposition 3.17. Every rational cyclic isogeny of odd composite degree between non-CM
elliptic curves preserves F, , for every distinct prime pair. Moreover, a nonconstant (2,3)
pattern across a 3-edge can occur only on the exact graph Ly(3).

Proof. The only possible non-CM odd composite cyclic degrees are 9,15,21,25 [4, Theo-
rem 4.6 and Remark 5.19]. A change across an odd-prime edge requires degree 3 and the
pair {2,3}, by theorems 2.3 and 3.14 and corollary 3.7. This already proves the assertion
for degree 25.

For 9, factor the isogeny as Eq o, Ey o2, E5, with both maps of degree 3. Since the
composite is cyclic, ker ¢y # ker ¢1. Thus, F; admits two distinct rational 3-isogenies, and
so its mod 3 image is contained in a split Cartan and K3(F;) is abelian.

All three curves have the same 2-division field. If either outer curve had a nonabelian
(2, 3)-intersection, lemma 3.13 would force the common discriminant squareclass to be [—3],
contradicting lemma 3.16. The middle curve cannot have a nonabelian intersection since
K3(E,) is abelian. All intersections at (2,3) are therefore abelian, and odd-prime abelian
invariance identifies them. Every other pair is unchanged by theorem 2.3, corollary 3.7,
and lemma 2.1.

For 15 and 21, [1, Table 6] provides models, up to quadratic twist, for all curves admit-
ting rational cyclic 15 or 21-isogenies. Substitution of its eight models y?> = z® + Az + B
gives the discriminant squareclass [—16(4A% + 27B?%)] = [—2]. The squareclass does not
change under quadratic twisting. Since every vertex has a rational 3-isogeny, a nonabelian
(2, 3)-intersection would again require [—3]. Thus, all such intersections are abelian and are
preserved along the graph. Other pairs are already invariant.

Finally, an S5 2-division field excludes every graph with rational 2-torsion. A graph
containing a 3-edge but no 2-edge is La(3), L3(9), R4(15) or R4(21) in the non-CM case [4,
Theorem 1.2]. The exclusions above leave only Ly(3). O

4. QUADRATIC INTERSECTIONS IN ISOGENY CLASSES

Now that we have determined the possible changes in prime-level entanglements under
odd-degree isogenies, we consider classes containing a rational 2-isogeny. In this case, the
2-division fields have degree at most two.

Proposition 4.1. Let C be a rational isogeny class with a rational 2-isogeny, and let q be
an odd prime. For every E € C,

Fq(E) = K3(E) N Ag(€) = Q(vAp) N A4(C),
where Ag is the discriminant of a Weierstrass equation for E. In particular, F,, is un-
changed along every odd-prime edge of G(C), and it is Q at every core verter.

Proof. Since every curve E € C has rational 2-torsion, K5(E) has degree at most two over Q
and is generated by \/Ag. Hence, intersecting K»(F) with K,(E) is the same as intersecting
it with A,(E) = A4,(C).

By lemma 2.1, K is preserved along odd-prime edges, so I, is also preserved. At a core
vertex, all 2-torsion is rational, so Ky(E) = Q, and consequently F» ,(E) = Q. O
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We first study the possible intersection fields across a single rational 2-isogeny £ — F'.
Write F' = F,,(E) and F' = F,,(E’). Table 1 summarizes the possibilities established in
this section and Sections 5-7. We later use these results to classify the patterns on entire
isogeny graphs.

The table uses the following notation. Recall that W, = Q(1/¢*) is the unique quadratic
subfield of Q((,).

For ¢ = 3: When the mod 3 Galois image is conjugate to B(3) or Cy(3), the fields M and M’
denote the two quadratic subfields of K3(E) other than W3. When the image is conjugate
to Ns(3) or Nys(3), we use Mg, M! or M,g, M., respectively, for the two non-Weil quadratic

subfields. In the nonsplit case, My is the field defined by the character Ny(3)/Chs(3), so
the two non-Weil labels are not interchangeable.
For ¢ = 5: When the mod 5 image is contained in a Borel, K5(FE) has either one or three
quadratic subfields. When there are three, 75 and 7% denote the two other than Wi.

In the second column of table 1, subgroup names refer to the exact mod ¢ image up to
conjugacy, unless containment is explicitly stated.

q mod ¢ case Possible nontrivial ~ Restrictions on (F, F")
values of F' and F"
q>7 GLy(F,) W, (W,, W,) is excluded when
g =3 (mod 4).

3 K3(E) has one  Wjs At most one of F' and F” is
quadratic nontrivial.
subfield

3 B(3) or C4(3) Wy, M, M’ If F and F’ are both

nontrivial, they are distinct
and exactly one is Wj.

3 Ny(3) M, M! At most one of F' and F” is
nontrivial.
Nis(3) M, M (Mys, M) is excluded.
GL»(F5) W No further restriction.
5 Contained in T5,T% when present At most one of F' and F’ is
B(5) nontrivial.

TABLE 1. The possible (2, ¢)-intersection fields for a rational 2-isogeny. The
value Q is also allowed for either entry.

4.1. The 2-division fields.

Proposition 4.2. Let E : y* = 2® + Ax? + Bz be nonsingular, and let D := A*> —4B. The
quotient by (0,0) has the model

(4.1) B y* =1° —2A2” + Du.
Moreover,

(4.2) Ky(E) =Q(VD) and Ky(E')=Q(VB).



16 MICHAEL CERCHIA

Proof. The model of the quotient is the standard degree 2 case of Vélu’s formulas [21]. The
remaining nonzero 2-torsion of E is cut out by x? + Ax + B, whose discriminant is D. For
E', it is cut out by 2?2 — 2Ax + D, whose discriminant is 16B. Finally, A = 16B?D and
Ap = 256 BD?, so the discriminant squareclasses are [D] and [B]. O

Proposition 4.3. FEvery non-CM elliptic curve over Q with a chosen rational 2-isogeny is
Q-isomorphic to a curve

(4.3) Eow:v? =2 +u(s+4)2* +u’(s +4)x

for some uw € Q% and s € Q\ {0, —4}. The j-invariant of Es, and the 2-division fields of
E, ., and its 2-isogenous quotient are
1 3
5
and

(4.5) Ko(Bou) = Q(Vs(s +4))  and K(EL,) = Q(Vs+1).

Proof. Start with a model E : y? = 23 + Az? + Bx as in proposition 4.2. Since E is non-CM,
A # 0. The case A = 0 has j = 1728. Set s := (A? — 4B)/B and u := B/A. Then
s+4 = A?/B,sou(s+4) = A and u*(s+4) = B, giving (4.3). Nonsingularity implies s # 0,
while s = —4 would force A = 0. The formulas (4.4) and (4.5) follow from the standard
invariants and proposition 4.2. [l

For brevity, write F,(E) = Fy,(FE). Since K5(E) has degree at most two, F,(E) is non-
trivial precisely when K, (F) is a quadratic subfield of K,(E), in which case F,(E) = Ky(E).
In particular, F,(E) = W, precisely when Ky(E) = W,.

4.2. The one quadratic-field case. If the mod ¢ image contains SLy(F,), the surjectivity
of the determinant implies it is GLo(F,), and A,(E) = Q(¢,) by [5, Corollary 5.3]. Thus W,
is then the only possible nontrivial quadratic intersection.

Proposition 4.4. Let E/Q be non-CM and suppose it admits a rational 2-isogeny. Then
PE.q 1S surjective for every prime g > 7. At ¢ =5, its image is either GLy(F5) or contained
in a Borel.

Proof. Let p be the largest prime degree of a rational isogeny from E. If p > 2, the chosen
2-isogeny and a p-isogeny yield a rational cyclic subgroup of order 2p. The classification of
rational cyclic isogenies implies p € {3,5} [12]. Thus, p € {2,3,5}. The three cases are
covered by [9, Propositions 18, 19, and 20], respectively, and each gives surjectivity for every
q=>T.

At g = 5, Dickson’s classification puts a proper image in a Borel, a Cartan normalizer,
or an exceptional subgroup. The non-Borel possibilities on the rational 2-isogeny locus are
excluded by the rational point calculations on X(2) x Xg,(5) and Xo(2) x X;5(5) in the
proof of [9, Proposition 18]. The split-normalizer case is contained in the Sy case. 0]

Proposition 4.5. Let g be an odd prime, and let E — E' be a rational 2-isogeny between
non-CM elliptic curves over Q. Suppose that W, is the unique quadratic subfield of K,(E).
Then

(FAB), Fy(E") € {Q, W}
with (Wy, W,) excluded when ¢ = 3 (mod 4). For every odd prime q, each allowed pair occurs
for infinitely many distinct source j-invariants with exact mod q image GLy(F,).
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Proof. We use the family E;,, of proposition 4.3, and write w = ¢*. By (4.5), the source and
target intersections equal W, precisely when s(s+4) € wQ*? and s+4 € wQ*?, respectively.
If g =3 (mod 4), then w < 0. If both conditions held, s(s+4) and s+ 4 would be negative,
so s > 0, contradicting s + 4 < 0. Thus (W, W,) is impossible.

The conditions at the source and target are parametrized by s = 4/(wr? — 1) and s =
wr? — 4, respectively. In the first family, s(s +4) = w(4r/(wr? — 1))?, and the target
intersection is also W, precisely when wr? — 1 is a square. In the second family, the source
intersection is also W, precisely when wr? —4 is a square. These additional conditions define
nontrivial double covers of the r-line. The pair (Q, Q) occurs on the s-line after excluding
the square conditions s(s+4)/w € Q*% and (s+4)/w € Q*?, which likewise define nontrivial
double covers.

If ¢ = 1 (mod 4), the simultaneous conditions are s = v? and v*> + 4 = ¢r’>. Write
q = a* + b* with b even. Then (v,r) = (2a/b,2/b) is a rational point on this conic, so the
conic is rational. The j-map is nonconstant on each of these parameter families.

For ¢ > 7, proposition 4.4 shows that every non-CM curve in these families has mod ¢
image GLy(F,). By lemma 2.6, each family contains infinitely many curves with distinct
j-invariants satisfying the required squareclass conditions, after excluding singular and CM
curves.

For ¢ = 3,5, take u = 1 and the values of s in table 2. We verify that the mod ¢ images
are full, so that W, is the only quadratic subfield of K (E).

q (Fy(E), Fy(E")) S

3 (Q,Q) 1

3 (W3,Q) —4/13
3 (Q, W3) —7
5 (Q,Q) 1/3
5 (W5, Q) 5

i) (Q, Ws) —4/5

) (W5, Ws) 16/121
TABLE 2. Examples with full mod ¢ image at ¢ = 3, 5.

For the three ¢ = 3 curves, the 3-division quartics have a 4-cycle mod 11,5,5 and a 3-
cycle mod 7,19, 19, respectively. Thus, their Galois groups are S;. The central extension
1 — {£I} — GLy(F3) — S; — 1 does not split: a splitting would yield an A, subgroup of
SLy(F3), but SLy(F3) has only one involution. Hence, each mod 3 image is GLy(F3).

For the four ¢ = 5 curves, the 5-division polynomial is irreducible, which excludes a
rational 5-isogeny. Their j-invariants are nonintegral, and so the curves are non-CM, and
from proposition 4.4 GLy(F5) is the mod 5 image. The accompanying code verifies these
factorizations.

The intersection fields in the table now follow from (4.5). Each example lies in the corre-
sponding rational parameter family and satisfies the nonsquare conditions needed to exclude
the other intersection fields. Applying lemma 2.6 to these families yields infinitely many
distinct j-invariants with each listed pair, after excluding singular and CM curves. 0
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5. RATIONAL 3-ISOGENIES AND THE MIXED GRAPHS

For ¢ = 3, the cases where K3(FE) has only one quadratic subfield are covered by proposi-
tion 4.5. When K3(F) has three quadratic subfields, either E admits a rational 3-isogeny or
its mod 3 image is a split or nonsplit Cartan normalizer. We treat the former here and the
latter in section 6.

We first classify the possible (2, 3)-intersection fields across a rational 2-isogeny using a
family over Xy(6). By section 2.2, the only non-CM rational isogeny graphs containing both
2 and 3-edges are R4(6), S, and Rg(18). We then determine the (2, ¢)-intersection patterns
on these graphs for every odd prime gq.

5.1. Curves with rational 2 and 3-isogenies. A choice of rational 2 and 3-isogenies on
an elliptic curve determines a rational cyclic subgroup of order 6. These choices are therefore
parametrized by Xo(6). We use an explicit family to compute the 2 division fields on either
side of the 2-isogeny and compare them with the common 3-division field.

Proposition 5.1. Fvery elliptic curve over Q with chosen rational 2 and 3-isogenies is
Q-isomorphic to a curve
(5.1) Eiy:y? =2° +u(t® — 6t — 3)2* + 16u’tx

for some u € Q% andt € Q\ {0,1,9}. Conversely, every nonsingular curve in (5.1) admits
rational 2 and 3-isogenies.

Proof. Set the kernel point of the rational 2-isogeny at (0,0) and complete the square to
obtain a model E : y? = 2® + Ax? + Bx with B(A? —4B) # 0. The 3-division polynomial of
this model is 13(x) = 3z + 4Ax3 + 6 Bx?* — B2 Let C3 C E[3] be the chosen rational cyclic
subgroup. Its two nonzero points are negatives of one another, so their common z-coordinate
is rational. Write this coordinate as 4u, with u € Q*, and set t := B/(16u?). Substituting
x = 4u into 3(z) = 0 yields 3+ A/u+ 6t —t*> = 0. Thus, A = u(t* — 6t —3) and B = 16u?t,
and so we get (5.1).

Conversely, on (5.1) we have 3(4u) = 0, and the right-hand side at x = 4u is 16u3(t —1)2.
Thus, the points
(5.2) Py = (4u, £4u(t —1)v/u)
are nonzero points of order 3, and the subgroup {O, P, P_} is Galois-stable. The point
(0,0) yields the rational 2-isogeny.

The discriminant of this model is
(5.3) A(E;,) = 22 (t — 1)%(t — 9),
and so the curve is nonsingular precisely when u # 0 and ¢ ¢ {0,1,9}. Finally,
(t—3)%(t* — 9t* + 3t — 3)®

t2(t —1)3(t — 9) ’

which is independent of u. The model with parameter u is the quadratic twist by u of the
model with v = 1. 0

Set d = (t —1)(t — 9), and let Ef, be the quotient of E;, by (0,0).

(5:4) J(Eeu) =
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Lemma 5.2. For the family (5.1),

Ks(Ep) = QVd),  Ks(Ef,) = QWV1), and As(E.) = Q(V=3,Vu).

Consequently, with V,, = ([=3],[u]), the source and target intersections are nontrivial pre-
cisely when [d] and [t], respectively, belong to V,\{[1]}. If [u] & {[1],[—3]}, the three quadratic

subfields are W = Q(v/=3), M = Q(v/u), and M’ = Q(v/—3u).

Proof. The coefficients in (5.1) satisfy A? — 4B = w?(t — 1)*>(t — 9) and B = 16u%, so
proposition 4.2 yields the two 2-division fields. A generator P of the chosen 3-isogeny kernel
in (5.2) has Q(P) = Q(y/u). By lemma 2.2, A3(E;,) is the field cut out by the diagonal
characters of the mod 3 representation. One of these characters cuts out Q(P), and their
product is the mod 3 cyclotomic character. Hence, A3(E;,) = Q(P,(3). The conditions for

the two intersections to be nontrivial follow by comparing squareclasses.
OJ

We use the 3-division polynomial of £}, to give a sufficient condition for its mod 3 image
to be the full Borel subgroup.

Lemma 5.3. For fi(z) = 32% + (t* — 6t)2% + t*z + ¢, we have

(5.5) Ys(duz) = 256u(z — 1) fi(2),

(5.6) disc(f,) = =3t*(t — 1)*(t — 9)*

If fi is irreducible over Q and [u] ¢ {[1],[=3]}, then pg,, 3(Gg) = B(3).

Proof. The identities follow by expansion. The root z = 1 corresponds to the chosen rational
3-isogeny, while the roots of f; correspond to the other three cyclic subgroups of order
3 in E[3]. If f; is irreducible, its nonsquare discriminant yields the full projective Borel
B(3)/{£l} ~ S;. The mod 3 image therefore has order 6 or 12. The independent diagonal
characters defining Q(v/u) and Q(+/—3u) give a quotient of order four, and so the mod 3
image has order 12 and is the full Borel.

OJ

5.2. The (2, 3)-intersection patterns on X,(6). Write d = (¢t — 1)(t — 9). By lemma 5.2,
the two intersection fields are determined by the squareclasses [d] and [¢]. If both intersections
are nontrivial, equality requires [dt] = [1]. If they are distinct and neither is W3, they must be
the two non-Weil quadratic subfields, so [dt] = [—3]. The following rational point calculation
rules out both possibilities.

Proposition 5.4. Let Cy : Y? =T(T —1)(T —9) and C_3 : Y?> = =3T(T —1)(T'—9). Then
CO(Q) = 0—3((@) = {O’ (Oa 0)7 (17 0)7 (9’ O)}

Proof. The change of variables x = —3T and y = 3Y transforms C'_3 into y* = z(z + 3)(z +
27). By lemma A.2, the only rational points on either curve are the point at infinity and the
three points of order 2. Translating back to T' gives the stated points.

U
Corollary 5.5. Ift € Q\ {0,1,9} andd = (t —1)(t —9), then
(5.7) [d] # [t],
(5.8) [dt] # [-3].
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Proof. The equality [d] = [t] is equivalent to td being a square, and hence to the existence
of a rational point on Cy with T-coordinate ¢. By proposition 5.4, this means ¢t € {0, 1,9}.
Similarly, [dt] = [—3] is equivalent to —3td being a square, and hence to a rational point
on C_3 with T-coordinate t. By proposition 5.4, this requires t € {0, 1,9}, contrary to our
hypothesis.
O

Theorem 5.6. Let E/Q admit chosen rational 2 and 3-isogenies, and let E' be the quotient
by the chosen rational 2-isogeny. If

KQ(E) N Kg(E) 7é Q and KQ(E/) N Kg(E/> 7& @7
then the two intersection fields are distinct, and exactly one is the Weil field Q(+/—3).

Proof. Write E = E;,, as in proposition 5.1, and set d = (¢t — 1)(t —9). By lemma 5.2,
[d] and [t] are nonidentity elements of V,, = ([-3],[u]). They are distinct by (5.7), and
so V, has order four, with nonidentity elements [—3|, [u], and [—3u]. If neither class were
[—3], their product would be [—3], contradicting (5.8). Thus, exactly one intersection field

is Q(v/—3). O
For exact mod 3 image B(3), we have [u] ¢ {[1],[—3]}, and so the fields W, M, M’ in
lemma 5.2 are distinct.

Theorem 5.7. The possible ordered pairs (Ko(E) N K3(E), Ko(E') N K3(E")) for a rational
2-isogeny edge with exact mod 3 image B(3) are ezxactly

(QQ), WQ), (@W), (MQ), (M Q), (@Q M), (@Q M),
(W, M), W, M"), (M,W), (M',W).

Every pair in this list occurs for infinitely many distinct j-invariants of non-CM elliptic
curves over Q with exact mod 3 image B(3).

Proof. Theorem 5.6 excludes the three equal nontrivial pairs and the two pairs of distinct
non-Weil fields, leaving exactly the displayed list.

Let d = (t — 1)(t — 9). From table 3 we get a rational family and an explicit choice of
(t,u) for each pattern, with u taken up to multiplication by a nonzero rational square. The
field claims follow from lemma 5.2. For t = 2,7, —12, the polynomial f; is irreducible mod
13,13, 19, respectively, and every listed u has [u] ¢ {[1],[—3]}. Thus, lemma 5.3 gives the
full Borel image. The three j-invariants are nonintegral.

For the pair (Q,Q), choose ¢t and u so that neither [d] nor [t] belongs to V,, \ {[1]}. These

restrictions exclude only finitely many squareclass conditions. For the families with d = —372,
the conic (t —1)(t —9) = —3r? has the rational point (¢,7) = (7,2) and is therefore rational;
the relation t = —3r? is already rationally parametrized. In each family, the specialization in

table 3 satisfies none of the unwanted field equalities. Their defining functions are therefore
nonsquares. Since the j-map (5.4) is nonconstant, lemma 2.6 gives infinitely many distinct
j-invariants with the stated pattern and exact image, after excluding the singular and CM
parameters. [

We now determine the (2, ¢g)-intersection patterns on the mixed isogeny graphs R4(6),
S, and Rg(18). Since the intersection fields are preserved under 3-isogenies, we need only
determine how they can differ across 2-isogenies.
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Pattern Family (t,u)
(Q,Q) t,u free (2,3)
(M, Q) u=d (2, -7)
(M',Q) u=—d/3 (2,21)
@M) u=t 2,2)
(@M) u=—t/3 2, -6)
(W,Q) d=—3r? (7,2)
QW) t=—32 (~12,2)
(W, M) d=-3r* u=t (7,7)
(W, M) d=—3% u=—t/3 (7,-21)
(M,W) t=-32 u=d (—12,273)
(M, W) t=—32 u=—d/3 (—12,-819)

TABLE 3. Full-Borel families and specializations at ¢ = 3. Unwanted field
matches are excluded in each family.

5.3. The rectangle R,(6). By proposition 4.1, the two endpoints of each 3-edge in R4(6)
have the same intersection field. By lemma 5.2, the 2-division fields on the two 3-edges of
R4(6) have squareclasses [(t — 1)(t — 9)] and [t], respectively.

At ¢ = 3, lemma 5.2 and theorem 5.6 give exactly the Borel possibilities in table 1. If
A3(C) is biquadratic, the eleven pairs are those of theorem 5.7; if A3(C) = W3, at most one
of the two fields is Wjs.

For ¢ > 5, the mod ¢ image is full. For ¢ > 7 this follows from proposition 4.4; a proper
image at 5 would yield a rational 5-isogeny and hence a forbidden cyclic 30-isogeny. Thus,
the only possible nontrivial field is W,. The obstruction (5.7) rules out (W,, W,). Each one-
sided condition is a rational curve: the target condition is t = wr?, and the source condition
is (t — 1)(t — 9) = wr?, a conic with rational point (¢,r) = (1,0). After excluding the
cusps and the unwanted match, these yield infinitely many distinct j-invariants. Section 9.1
excludes additional isogenies to obtain exactly R4(6).

5.4. The graph S and cyclic degree 12. To parametrize the curves in (5.1) with full
rational 2-torsion, we require (¢t — 1)(t —9) to be a square. This means

r? -9
r2—1’
The point at infinity on the r-line corresponds to ¢ = 1, which is a cusp.

The two core vertices of S are connected by a 3-isogeny, and the six remaining vertices
form three pairs connected by 3-isogenies. Since K is preserved under 3-isogenies, the two
vertices in each pair have the same 2-division field. The corresponding squareclasses are

di(r) = (" = 9)(r* = 1),
(5.10) dy(r) =r(r+3)(r—1),
ds(r) = —r(r—=3)(r +1).

(5.9) t= r ¢ {0,+1, £3}.
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Indeed, with v = 1, the nonzero roots of the cubic defining the chosen core curve are
a = W and b = %. Their sum is —(t* — 6t — 3) and their product is 16t.

Applying equation (8.1) yields equation (5.10).

Lemma 5.8. For noncuspidal rational r in equation (5.9), the three classes [d;(r)] are dis-
tinct, none is [1] or [=3], and no product of two of them is [—3].

Proof. Their product is minus a square. The transformations r — —r and r — (r+3)/(r—1)
permute the three classes. More explicitly, for h = (r 4 3)/(r — 1), dy(h) = 2E0) dy(h) =

- (r—1D)%
1(%21(;4), and d3(h) = (4T d_lgl. It suffices to show that, for every noncuspidal r € @, the
squareclass [dy(r)] is not in {[1],[—1],[3],[-3]}. The condition [ds(r)] = [e] is the curve

v =ecr(r+3)(r—1), where e € {1,—1,3, —3}.

Setting X = er, Y = ey yields Y2 = X3 + 2eX? — 3e2X. All four curves have rank zero.
For e = 1 the rational points map to r € {—3,—1,0,1,3,00}. For the other three values
only 7 € {=3,0,1,00} occur. These are all cusps, as verified in section A. Thus, the four
squareclasses are excluded.

If two of the d; had the same class, the remaining class would be [—1]. If the product of
two were [—3], the remaining class would be [3]. Both are impossible. O

At ¢ = 3, lemma 5.8 shows that [d;(r)] # [-3] for ¢ = 1,2,3, so no non-core vertex
has intersection field W3. Recall that the two non-Weil quadratic fields, when present, are
M = Q(y/u) and M’ = Q(v/—3u). If two distinct squareclasses [d;(r)] and [d;(r)] gave
nontrivial intersection fields, those fields would be M and M’, whose squareclasses have
product [—3]. This is also excluded by lemma 5.8. Choosing u = d;(r) or u = —3d;(r) gives
intersection field M or M’, respectively, at the two vertices of the corresponding 3-edge.

For ¢ > 5, the mod ¢ image is full. At ¢ = 5, a rational 5-isogeny would yield a forbidden
cyclic 30-isogeny, while for ¢ > 7 surjectivity follows from proposition 4.4. Since the three
squareclasses are distinct, at most one pair can have intersection field W,. The symmetries
in the proof of lemma 5.8 permute these classes, and so such an intersection occurs precisely
when there is a noncuspidal rational point on y* = wr(r + 3)(r — 1).

The substitution X = wr, ¥ = wy identifies this curve with &2, By lemma A.1, its
rational torsion subgroup is Cy x Cs, and all torsion points correspond to cusps. Hence, a
nontrivial intersection occurs precisely when ri5(g) > 0. In particular, since r12(5) = 0, all
(2, 5)-intersections on S are trivial.

5.5. The graph R(18). Each middle-column vertex of Rg(18) has two distinct rational
3-isogenies. In the family (5.1), one is already chosen. A second exists precisely when the
residual cubic fi(z) in lemma 5.3 has a rational root. Viewed as a quadratic in ¢, this
polynomial has discriminant —1223(z — 1)?. Thus, a rational root has the form z = —3v%.
Solving for t yields

9v?
5.11 t=—7—— 0,1,1/3}.
(5.11) e v {011/3)
The other choice is obtained by replacing v by —v. The point at infinity on the v-line also
corresponds to a cusp.

The two horizontal 3-isogeny chains have 2-division fields with squareclasses
(5.12) a() = (v—1)3v—1)(3v*+1) and b(v) = v(3v* — 3v + 1).
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These follow by substituting (5.11) into (¢t —1)(t—9) and ¢, respectively. The nonzero points
in the two rational 3-isogeny kernels are defined over Q(v/u) and Q(v/—3u), respectively.
Hence the quadratic subfields of K3(F) are determined by ([—3], [u]).

The middle-column vertices have mod 3 images contained in a split Cartan. By lemma 3.16,
neither of their 2-division fields can be W3. Thus, no vertex has intersection field W5. The
squareclass restrictions in corollary 5.5 exclude equal nontrivial fields on both rows, as well
as the pair (M, M’) in either order. Hence, at ¢ = 3 at most one row has a nontrivial inter-
section, equal to M or M'. Neither row has trivial 2-division field, since Rg(18) has no core
vertices. Taking u = a(v) or v = —3a(v), and similarly with b(v), yields the corresponding
one-row patterns.

For ¢ > 7, the mod ¢ image is full by proposition 4.4. At ¢ = 5, a proper image would
produce a rational 5-isogeny and hence a forbidden cyclic 90-isogeny, so the image is also
full. Thus, the only possible nontrivial intersection field is W,. At most one row can have
this field, since [a(v)] # [b(v)] by corollary 5.5. For a fixed noncuspidal v, the row with
squareclass [b(v)] has intersection field W, precisely when y? = wwv(3v* — 3v 4+ 1) has a
rational solution y. The substitutions X = w(3v — 1) and Y = 3wy identify this curve with
&18,4- The involution v — (v — 1)/(3v — 1) exchanges the two row conditions, so the same
criterion applies to either row. By lemma A.1, the rational torsion on &5, consists of O
and (—w,0), both corresponding to cusps. Consequently, a nontrivial intersection occurs
precisely when r15(q) > 0. Since m5(5) = 0, all (2, 5)-intersections on this graph are trivial.

6. CARTAN-NORMALIZER IMAGES AT ¢ = 3

The cases where K3(FE) has only one quadratic subfield were covered in proposition 4.5.
Among the cases with three quadratic subfields, those admitting a rational 3-isogeny were
treated in the previous section. We now consider the remaining cases, where the mod 3
image is a split or nonsplit Cartan normalizer. By section 2.2, these occur only on the graph
Ly(2).

Throughout this section, let E — E’ be a rational 2-isogeny between non-CM curves with
mod 3 image N, (3), where x € {s,ns}. Write W = W3 = Q(+/—3). The quotient character
gx ¢ Ny(3) = N,(3)/Cy(3) ~ {£1} defines a quadratic field M,, and det e, defines M.
These are the two quadratic subfields of K3(F) = K3(E’) other than W.

6.1. The split Cartan normalizer. The degree-two cover X(3) — X (3) determines M.
We use it to compute the quadratic subfields of K3(F) and compare them with the 2-division
fields across the 2-isogeny. Zywina’s j-maps for the split Cartan and its normalizer are [22,
Theorem 1.2]

(14 1)3(1 — 3)3

(6.1) JH(r) =27 = ,
oo+ 1) (v +3)3 (v + 3)°
(6.2) Slo) =21 v3(v? + 3v +3)3

Proposition 6.1. The normalization of Xo(2) xxay X (3) is rational, with a parameter z
whose cusps are z = +1,—1/2 00. Set hy(z) = 22> — 22 — 2. Then

(6.3) M, = Q(v/—3hs(2)), M! = Q(v/hs(2)),
(6.4) Ky(E) = Q(v/—(22 + 1)hy(2)), K> (E') = Q(V/(2% — 1)hy(2)).
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Proof. We may take

(22 +1)° (z+ 1)
(6:5) ey ™ T e
Substitution verifies 256(s + 1)3/s = J (7). The coprime level conditions yield a geomet-
rically connected modular curve of degree 18 over the j-line. The modular curve and the
displayed parametrization both have degree 18 over the j-line, so the parametrization is
birational. Its poles are the cusps.

The relation 7 = v + 3 + 3/v implies Js(v) = JI (7). Thus, the degree-two cover
Xs(3) — X(3) is described by v* + (3 — 7)v + 3 = 0. Its discriminant 72 — 67 — 3
has squareclass [—3hs(z)], giving Ms. Multiplication by the determinant character gives M.
Finally, substituting (6.5) into (4.5) gives the two 2-division fields. s O

Comparing (6.3) and (6.4) gives the following conditions. An intersection at £ or E’
equals the field in the first column precisely when the corresponding entry is a nonzero
rational square.

field | E E
/ _ 2 _
(6.6) M! (2z+1) z 21
My | (2:+1)/3 (1-2%)/3

W | (22 +1)hs(2)/3 (1 —2*)hy(2)/3
Lemma 6.2. For noncuspidal z € Q, neither F5(E) nor F5(E') equals W.

Proof. The source condition is y* = 3(2z + 1)(2%? — 22 — 2). Under X = 62 — 3, Y = 6y,
it becomes Y? = X? — 135X — 594. By lemma A.2, its only rational points are O and
(—6,0), and so z = 0o,—1/2. For the target condition y? = 3(1 — 2?)(2? — 22 — 2), set
X =18/(z—1)+3 and Y = 18y/(z — 1)?. This yields the same elliptic curve, whose points
pull back to z = £1. All these values are cusps. 0

Lemma 6.3. For noncuspidal z € Q, the intersections F3(F) and F3(E') cannot both be
nontrivial.

Proof. By lemma 6.2, the only possible nontrivial intersection fields are Mg and M!. The
source conditions in (6.6) give 2 = —(r?+1)/2 or z = (3r* — 1)/2. The four possibilities for
nontrivial intersections at both endpoints lead to

(F3(E), F5(E")) | quartic model

(M’ M’) y2:(7" 1)(r? +3)

(M, M) |y = —3(7” —1(r*+3)

(M, M) y? =3(r = 1)(3r* + 1)

(M, M) yi=—(r*=1)3r2 +1).
The first and fourth are isomorphic to &; : Y2 = X? — X2+ X using X = (r+1)/(r—1) and
X = —(r+1)/(r—1), respectively, with Y = y/(r—1)%. The second and third are isomorphic
to & Y? = X?+3X? 49X, using X = -3(r+1)/(r —1) and X = 3(r +1)/(r — 1), with
Y = 3y/(r — 1)%. Their rational points are

£1(Q) = {0,(0,0),(1, 1)},  &(Q) = {0,(0,0), (3, £9)}
by lemma A.2. The corresponding values r € {0, £1, 00} are cusps. O
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Theorem 6.4. For a rational 2-isogeny between non-CM curves with exact mod 3 image
Ns(3), the possible pairs are

(6.7) QQ), (M, Q), (M,Q), (QM), (Q ).

Every pair occurs for infinitely many distinct j-invariants with this exact image.

Proof. By lemma 6.2, neither intersection can equal W3, and by lemma 6.3, they cannot
both be nontrivial. This leaves exactly the five pairs in (6.7).

The five pairs in (6.7) are realized, in that order, by z = 2, —1/3, —5,1/2, —5/3, as follows
from (6.6). For each parameter, [—3hs(z)] is neither [1] nor [—3], so the two quadratic
characters are independent and the projective mod 3 image is Cy x (5. Every index two
subgroup of Ny(3) contains its commutator {417}, so no proper subgroup surjects onto the
projective quotient. Thus, the exact image is Ny(3). These j-invariants are nonintegral, so
the curves are non-CM.

Each one-sided condition defines a rational conic containing the corresponding specializa-
tion above, where the unwanted conditions fail. For (Q,Q), the value z = 2 shows that all
four unwanted conditions define nontrivial covers of the z-line. The j-map is nonconstant,
so lemma 2.6 applies to each family. U

6.2. The nonsplit Cartan normalizer. Zywina’s j-map for the nonsplit Cartan normal-
izer is JL(7) = 73 [22, Theorem 1.2].

Proposition 6.5. The normalization of Xo(2) X xa) X,5(3) is rational, with parameter z.
The cusps are z = 0,00, and z = —1 gives j = 1728. Set hys(z) = 22 — 2+ 1. Then

(68) Mns = Q( V _3hns(z))a Mrllb = @( hns(z)>a
(6.9)  Ka(E) =Q(V(z+ 1)hus(2)), K5(E') = Q(v2(2 + Dhas(2)).
Proof. We may take

4 344 34 4)3
(6.10) s=—, r=4% ; , j(z)=64(zz%>.

9
23

These formulas follow from 256(s+1)?/s = 72 by setting z = 7/(4(s+1)). The substitution
is rationally invertible, so the parametrization is birational.
For j = 73, the quadratic fields computed in [7, Example 6.1] are W, Q(1/d(7)), and

Q(\/—3d(7)), where d(1) = 7 + 127 + 144. Their characters factor through the projective
image, so these fields are unchanged by quadratic twisting [7, Remark 6.2]. Complex con-
jugation has determinant —1 and cannot lie in Cy4(3) ~ Cy, whose only involution is —1.
Thus, M, is imaginary and, since d(7) > 0, equals Q(+/—3d(7)).

By substitution we get d(7) = 16hys(2)(22 + 22 4+ 4)?/2*, proving the two character-field
formulas. The 2-division formulas follow from (4.5) and 2 + 1 = (2 + 1)hys(2). O

The following table gives the corresponding squareclass conditions: an intersection at F or
E’ equals the field in the first column precisely when the entry is a nonzero rational square.
field| E E
M z+1 z(z+1)

My | —(z+1)/3  —z2(241)/3
W | —(z*+1)/3 —2(z*+1)/3.

(6.11)
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Lemma 6.6. At a noncuspidal non-CM point, neither F3(E) nor F3(E') equals W.

Proof. The source condition y? = —3(2%+1) becomes V2 = U?—27 under U = —3z, V = 3y.
For the target condition y? = —3z(2® + 1), use U = —3/2, V = 3y/2%. This elliptic curve
has rational points O, (3,0) by lemma A.2. Their preimages give only z = 0,00, —1, which
are cusps or the excluded CM value. O

Lemma 6.7. For a non-CM point with exact image Nys(3), the pair (Mys, Mys) cannot occur.

Proof. In (6.11), the source condition requires z < —1, whereas the target condition requires
-1 <2z<0. 0

Theorem 6.8. For a rational 2-isogeny between non-CM curves with exact mod 3 image
Nyus(3), the possible pairs are

(QQ), (M, Q), (M, Q) (Q Mns), (Q M),
(Mygs Mig), (Myg, Mug), (Mus, My,).

ns? ns’
Every pair occurs for infinitely many distinct source j-invariants with this exact image.

(6.12)

Proof. By lemma 6.6, neither intersection can equal W3, and by lemma 6.7, the pair (M,s, M,s)
is impossible. This leaves exactly the eight pairs in (6.12).
The eight pairs in (6.12) are realized by

2| =3 —7/3 3 —3/7 1/3 16/9 —3/4 —4/3
¢l 11 115 11 11 11 5 17

respectively. For the model y* = 2% — 35(j — 1728)z — 2j(j — 1728)?, with j from (6.10), the
3-division quartic is irreducible mod the corresponding prime ¢. Thus, the projective image
contains a 4-cycle. Complex conjugation lies outside the nonsplit Cartan, so the projective
image is the full dihedral group of order eight. An index-two subgroup of Ny(3) contains
its commutator (c?), where ¢ generates Cps(3), and hence contains —I = ¢*. It cannot map
isomorphically onto the projective quotient. The exact image is therefore N(3). These
specializations have nonintegral j-invariants.

The allowed simultaneous conditions produce rational conics; for example,
(1—2v?%)? , ‘ 1202

A2 ) (Mns7 MHS) F 2= (1 + 31]2)2.

The pair (M, M,) is obtained from z + 1 = —3r% and —3z = s°.

The one-sided conditions also define rational conics. Each of these, as well as the conics
for the simultaneous cases, contains a rational point corresponding to the appropriate value
of zin (6.13). At these points, the mod 3 image is N,s(3), and the intersection fields are as
claimed. For (Q, Q), take z = —3 on the unrestricted z-line. Since the j-map is nonconstant,
lemma 2.6 gives infinitely many distinct source j-invariants realizing each pair with this exact
image.

(6.13)

(M,

ns’

M) :z=

O

7. RATIONAL 5-ISOGENIES AND THE DEGREE-10 CRITERION

Having classified the (2, 3)-intersections, we now consider ¢ = 5. By proposition 4.4, a non-
CM curve admitting a rational 2-isogeny has either full mod 5 image or an image contained
in a Borel. The former case was treated in proposition 4.5. In the latter case, the curve also
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admits a rational 5-isogeny, so we use X(10) to classify the possible (2, 5)-intersections. We
then determine the (2, ¢)-intersection patterns on R4(10) and establish the degree 10 rank
criterion.

Let £ — E’ be a rational 2-isogeny between non-CM elliptic curves over Q, and set

Ls = K5(E) = K5(E') and W5 = Q(\/5).
7.1. A parameter on X(10). Let ¢t be the standard parameter on X(5), normalized so

that
o (P+10t+5)°
(7.1) Jj= ( ; ) :

Equating this j-map with j = 256(s + 1)3/s from (4.4) produces a curve whose normal-
ization is X(10). The following proposition gives a rational parametrization.

Proposition 7.1. The curve Xo(10) has a rational parameter z with
2243 t_(z—1)2(2z+3)
(z—1)(z+1)> o (z41)2

Its cusps are z = 1,—1,-3/2, 00, and its j-map is

(7.2) s=4

(7.3) i(z) = 256%.

Proof. Substitution verifies that (7.1) and (4.4) agree. The normalization of their fiber
product is X(10), since I'g(10) = I'g(2) N Ty(5). Both its j-degree and that of the displayed
parametrization are 18, so the map is birational. Its poles are the stated cusps. 0]

Let h(z) = 2% + 2z + 2. The following proposition gives the quadratic fields needed to
determine the (2, 5)-intersections.

Proposition 7.2. Let z € Q\ {1,—1,-3/2}, let £ = Ey). be the curve (4.3), and let
E’ be its 2-isogenous quotient. Let 1 : Gog — FZ be the character on the chosen rational

. . mker(¥?)
5-isogeny kernel, and let Ms = Q . Then

(7.4) Ms = Q( h(Z)) :

(7.5) Fo(E) = Q< (22 + 3)h(z)> ,

(7.6) Ko(E') = @( (22— 1)h(z)> .

If My is nontrivial and distinct from Ws, then the three quadratic subfields of Ls are
(7.7) Ws,  Ms, M= @( 5h(z)) .

In particular, this holds when the exact mod 5 image is the full Borel B(5).

Proof. For a generator P of the rational 5-isogeny kernel M; = 5 Q(z(P)). Using the param-
eter 7 on Xy(5) from [6, Section 5.9], we have Q(z Q(y/5r% + (22/5)r +1). Their
j-map is 25(r* + 107 4+ 5)3/r°. The substitution r = 5 / t gives our normalization, and hence
Ms; = Q(vt? + 22t 4+ 125). Under (7.2), this radicand has squareclass [h(z)]. The same
substitution into (4.5) gives [s(s +4)] = [(22 + 3)h(2)] and [s + 4] = [(2* — 1)h(2)].
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Finally, every quadratic character of the image factors through the diagonal image D C
FX x FX. When M; ¢ {Q, W5}, the characters ¢? and x2 are independent. Thus, D maps
onto the quotient (C; x C4)/2(Cy x Cy). A proper subgroup of Cy x Cy lies in an index-
2 subgroup, so cannot have this property. Hence D = C,; x Cjy, and its three nontrivial
quadratic characters are 1%, x2, and their product. They correspond to the fields in (7.7).

O

When the fields in (7.7) are distinct, the following table determines the intersections: the
indicated field occurs at an endpoint precisely when the corresponding entry is a nonzero
rational square. The W5 row also applies when there is only one quadratic subfield.
field | E E'

M; 2z +3 22 -1
M (22+3)/5 (22 -1)/5
Ws | (22 +3)h(2)/5 (22 = 1)h(2)/5

(7.8)

Lemma 7.3. Suppose that H = pg5(Gq) is contained in a Borel subgroup and has full
determinant. Then K5(E) has either one or three quadratic subfields. In the first case the
unique quadratic subfield is Ws. In the second case the three fields may be written Wi, T,
and T%, where Ts = Q(\/d) is either non-Weil field and T, = Q(v/5d) is the other.

Proof. By [5, Corollary 5.7], Gal(A5(F)/Q) ~ Cy x C, where C' is cyclic of order dividing
four. Hence A5(F), and therefore K5(FE), has either one or three quadratic subfields. One of
them is always W, cut out by 2. If there are three, multiplying either non-Weil quadratic
character by x? gives the other one, as claimed. 0

7.2. Excluding Weil and simultaneous intersections.

Proposition 7.4. For noncuspidal z € Q, neither F5(E) nor F5(E') equals W.
Proof. The source condition is

(7.9) y? = 5(22 + 3)(2* + 22 + 2).

Under X = 5(2z + 3), Y = 10y, this becomes Y? = X? — 10X? + 125X. Its only rational
points are O, (0,0) by lemma A.2, which means the cusps are z = 0o, —3/2. The involution

Z+2
7.10 S
(7.10) w(z) = -2
satisfies s(wq(z)) = 16/s(z) and exchanges the two 2-division squareclasses. The same

argument rules out W5 at the target.
O

To rule out nontrivial intersections at both endpoints, we consider all the quadratic sub-
fields of K5(E), not only the field defined by 2.

Proposition 7.5. For noncuspidal z € Q, the two endpoint intersections cannot both be
nontrivial.

Proof. Their 2-division squareclasses are [(2z+3)h(z)] and [(22—1)h(z)]. By proposition 7.4,
neither intersection is Ws. If the two nontrivial fields are equal, the product of their square-
classes is [1]; if distinct, they are the two non-Weil fields of lemma 7.3, whose product class is
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[5]. Thus, simultaneous nontrivial intersections would produce a noncuspidal rational point
on one of the curves

(7.11) Co: y*=(22+3)(z* - 1),

(7.12) Cs: y*=5022+3)(z* - 1).

Iny? =e(22+3)(22 — 1), put X =e(22+ 1), Y = 2ey. For e = 1,5 this gives, respectively,
Y?2=X3-7X -6, Y? = X3 — 175X — 750.

By lemma A.2, each has only its rational 2-torsion and O. Their preimages have z €
{00, —=3/2,—1, 1}, so all are cusps. O

7.3. The (2,5)-intersection patterns.

Theorem 7.6. Let E — E' be a rational 2-isogeny between non-CM elliptic curves over Q,
and suppose that the mod 5 image is contained in a Borel. Then neither F5(E) nor F5(E')
equals Wy, and at most one is nontrivial.

If Wi is the only quadratic subfield of K5(E), then (F5(E), F5(E")) = (Q,Q). Otherwise,
write the three quadratic subfields as Wy, Ts, and T;, where Ty is either of the two fields
other than Ws. Then

(713) <F5(E)7 F5(E/)) € {(@7 Q)? (T57 Q)? (Téa Q)a (Q7 T5)7 (@7 Té)}
Every pair in this list occurs for infinitely many distinct source j-invariants with exact mod

—~Ker 2 .
5 image B(5). In these cases, we may take Ts = My = Qk v ), where 1) is the character on
the rational 5-isogeny kernel.

Proof. By proposition 7.4, neither intersection can equal W5, and by proposition 7.5, they
cannot both be nontrivial. If W5 is the only quadratic subfield of K5(E), both intersections
are therefore trivial. Otherwise, lemma 7.3 gives the two remaining possibilities 75 and 7%,
yielding (7.13).

To show that all five pairs occur, take Ty = M;, T} = M}, and u =1 in (4.3). The values
z=0,1/2,-3/5,5/4,3/2 give the five pairs in (7.13), respectively, by proposition 7.2. For
each value, [h(2)] ¢ {[1],[5]}, so the diagonal image is F: x FZ.

For these five curves, the 5-division polynomial has irreducible factors of degrees 2 and 10,
as verified by the accompanying code. The factor of degree 10 shows that the mod 5 image
has order divisible by 5. Since its diagonal image has order 16, it must be the full Borel
B(5). The five j-invariants are nonintegral, so the curves are non-CM.

It remains to prove that each pair occurs infinitely often. The four conditions for a non-
WEeil intersection at one endpoint are

2243 =12, 27+ 3 =512, 22— 1=r? 22— 1 =5

Each defines a rational conic containing the corresponding example above. At that point,
the other endpoint has trivial intersection, so the squareclass conditions that would make
it nontrivial define nontrivial double covers. For (Q,Q), the example z = 0 likewise shows
that the unwanted squareclass conditions define nontrivial covers of the z-line.

Since the j-map (7.3) is nonconstant, lemma 2.6 gives infinitely many distinct source
j-invariants realizing each pair with exact mod 5 image B(5). U
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7.4. The rectangle R4(10). A class with rational 2 and 5-isogenies has graph R,(10). By
proposition 4.1, the two endpoints of each 5-edge have the same intersection field. The
2-division fields on the two 5-edges have squareclasses [(2z + 3)h(2)] and [(2* — 1)h(2)],
respectively, by equations (7.5) and (7.6). At ¢ = 5, theorem 7.6 gives the complete list.

For g # 5, the mod ¢ image is full, by proposition 4.4 for ¢ > 7 and [16, Theorem 1.1,
Table 1] for ¢ = 3. At a noncuspidal parameter z, the intersection on the first 5-edge is
W, precisely when w(2z + 3)(2% + 2z + 2) is a rational square, equivalently when y? =
w(2z + 3)(2% + 22 + 2) has a rational solution y. The substitutions

(7.14) X =w(2z+3), Y = 2wy

identify this curve with &1, The involution (7.10) exchanges the two 2-division square-
classes, so an intersection equal to W, can occur on either 5-edge precisely when 719(g) > 0.
The two edges cannot both have field W,: this would give a noncuspidal rational point on
(7.11), whose rational points were determined in the proof of proposition 7.5.

By lemma A.1, the rational torsion of &9, is {O,(0,0)}. These points correspond to
z = 00,—3/2, both cusps. Consequently, a nontrivial field occurs at ¢ # 5 precisely when
r10(q¢) > 0. The positive rank gives infinitely many admissible points and hence infinitely
many distinct j-invariants. Since 719(3) = 0 by section A, all (2, 3)-intersections on R4(10)
are trivial. At ¢ = 5, theorem 7.6 shows that the only possible nontrivial intersection fields
are Ty and Tj.

8. 2-ISOGENY TREES AND CONGRUENT NUMBERS

We now consider the remaining isogeny graphs whose edges all have degree 2: T}, Tg,
and Tg. We determine their possible (2, ¢)-intersections, and the case Ty leads to a criterion
involving congruent numbers. A curve with full rational 2-torsion can be written, up to
quadratic twist, as

Co: y=x(x—1)(z—-1), t#0,1.
Quadratic twisting does not change its 2-division fields or its rational isogeny graph. For a
model with roots ey, ey, e3, the quotient by (e;,0) has 2-division field

(8.1) Q(V@,—qx@—ew>, (i, 5.k} = {1,2,3).

This follows from proposition 4.2 after translating the kernel point to (0, 0).

For the exact graphs T}, Tg, T, all odd mod ¢ images are full. For ¢ = 3 this is [16,
Table 1]; for ¢ = 5 a proper image would imply a 5-edge, which these graphs do not have;
and for ¢ > 7 use proposition 4.4. Thus, a vertex is labelled W, precisely when its 2-division
field is W,, and otherwise it is labelled Q. We call a vertex of an isogeny graph a leaf if it
is joined to exactly one other vertex. We call a leaf marked when its intersection is Wj,.

8.1. The four-vertex star. The three vertices adjacent to C; in T} are its leaves. Their
2-division fields have squareclasses

(8.2) t, 11—t —t(1—1t).

Exactly one of these classes is negative, and their product is [—1]. Thus, if ¢ =3 (mod 4),
the imaginary field W, can occur on at most one leaf. The three leaves also cannot have the
same nontrivial 2-division field: if all three had squareclass [w], their product would force
[w] = [—1], contradicting the fact that exactly one is negative.
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Two leaves can therefore have field W, only if ¢ = 1 (mod 4). Conversely, in this case ¢ is
a sum of two squares, so the conic g(a?+?) = 1 has a rational point and is rational. Setting
t = qa® gives [t] = [1—t] = [q], while [-t(1 —t)] = [—1]. All three classes are nontrivial, so no
additional vertex with full rational 2-torsion arises. The graph cannot be S, since lemma 5.8
shows that the three corresponding 2-division fields on S are distinct. Hence, the graph is
Ty.

To obtain a pattern with exactly one leaf carrying W,, take ¢ = wr? and avoid the
squareclass conditions that would mark another leaf or enlarge the graph. The pattern in
which all intersection fields are QQ is obtained from the full ¢-family. By lemma 2.6, these
constructions yield infinitely many distinct source j-invariants. We verify in section 9.1 that
these constructions correspond to curves with isogeny graph exactly T}.

8.2. The six-vertex tree. Choose two adjacent core vertices as
C: y=ux(r—1)(zv—1?), D: y=z(z+(-17)(z+(t+1)?),
with ¢t # 0, £1. The four outer leaf fields have squareclasses

(8.3) +(t* - 1), +t .
——— ~~~
at C at D

This follows directly from equation (8.1).

At most one leaf at either core can have a given field W, since [a] # [—a] over Q. If there
were a marked leaf at both cores, then [t(t? — 1)] would be [1] or [—1]. After replacing ¢
by —t if necessary, this results in a noncuspidal rational point on Y? = X3 — X. Its only
rational points are O, (0,0), (1,0), (—=1,0), as certified in section A. Thus, no such two-leaf
pattern exists.

For a single marked leaf take ¢ = wr?. There are infinitely many choices of ¢ for which none
of the other leaf squareclasses is trivial. The resulting curves have isogeny graph exactly T§.
By symmetry, any of the four leaves can have intersection field W,,.

8.3. The eight-vertex tree and congruent numbers. The three core vertices of Ty
form a path, with the middle core joined to the other two by 2-isogenies. After choosing and
orienting this chain, we may take the parameter from (8.3) to be t = u?, where u # 0, +1.
The five leaf classes are

(8.4) +(u* - 1), -1, +2u(u? +1).
left end middle right end

The three core models have roots
{0,1,u}, {0, —(u*—1)2 —(u*+1)%}, {0, —(u—1)* —(u+1)*}.

Each end core is joined to two leaves, and the middle core to one. Applying equation (8.1)
to the 2-torsion points defining these five isogenies gives equation (8.4). Conversely, suppose
the isogeny graph is Ty. Choose an end core C' and the middle core D. The parametrization
(8.3) applies to these two cores. Since D is also joined to a third core, one of the two
squareclasses [t] and [—t] at D must be trivial. Replacing ¢ by —t interchanges the two
nonzero roots of D without changing C'. We may therefore assume that ¢ is a square and
write t = u?.

The leaf attached to the middle core has 2-division field Q(¢), which is not W, for any odd
prime q. If a leaf at each end of the path were marked, then we would have [(u* — 1) 2u(u? +
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1)] = [£1], so [2u(u® — 1)] = [*1]. Replacing u by —u if necessary and setting X = 2u, we
obtain a rational point on Y? = X3 — 4X with X # 0,42. But its rational points are only
0,(0,0),(2,0),(—2,0), so this is impossible. Thus, at most one outer leaf is marked.

The substitution u + (u+1)/(u — 1) is an involution, and (5—2)4 —1= S?U(“_Qf)f). Thus, it
interchanges the pairs of leaf squareclasses at the two ends of the path. Similarly, replacing u
by 1/u interchanges the two squareclasses [u* — 1] and [—(u* —1)], since (1/u)* —1 = —%1

ut
Consequently, a marked outer leaf exists exactly when the quartic
(8.5) VZ=q(U*-1)

has a rational point with U # 0, 1.
This has a rational point (1,0) and a nonconstant degree-two map to &ie.4:

(8.6) (U, V) — (X,Y) = (qU?,qUV).

After translating the image of (1,0) to the origin, this is an isogeny of elliptic curves, so the
two curves have equal ranks. By lemma A.1, the rational torsion of &5, is Cy x Cy. For
a rational point on the quartic whose image under (8.6) is torsion, we must have U = +1:
X = 0 would require V2 = —¢, X = —¢ would require U? = —1, and rational points at
infinity would require ¢ to be a square. Hence, a rational point on (8.5) with U # 0,+1
exists precisely when ri6(q) > 0.

Finally, ¢ is a congruent number if and only if Y? = X3 — ¢?X has positive rank [8].
Indeed, a nontorsion rational point (X,Y") corresponds to a right triangle with side lengths

X2_q2 ‘2(]X X2+q2
Y L Y

, whose area is ¢q. This proves corollary 1.3.

Example 8.1. The curves

E: oy =2%-3220" 42, E': y* =24 9922° + 2562
are connected by a cyclic 16-isogeny. They lie at opposite ends of Ty, whose three core curves
have roots {0, 1,81}, {0, —64, =100}, and {0, —16, —256}. Their 2-division fields are Q(v/5)
and Q(+/15). Their mod 5 images are full, so

F2,5(E) = Q(\/S), Fz,s(El) =Q.

This is the specialization u = 3 of equation (8.4). The left curve has nonintegral j-invariant,
hence is non-CM; the other curves are isogenous to it.

9. GRAPH-LEVEL CLASSIFICATION AND CYCLIC ISOGENIES OF ARBITRARY DEGREE

9.1. Isogeny graph patterns and their realization. We summarize the intersection
patterns in two tables. Table 4 covers graphs with only 2-isogenies and table 5 covers graphs
containing both 2-isogenies and odd-degree isogenies.

Each vertex representing E is labelled by F3 ,(E). By proposition 4.1, this field is constant
along odd-degree edges. In each pattern, any vertex not assigned a nontrivial intersection
field has field Q. When ¢ = 3 and a rational 3-isogeny is present, M and M’ denote the two
quadratic subfields of A3(€) other than W3, when they exist.
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Graph Possible (2, ¢)-intersection patterns, for ¢ odd

Ly(2) The pairs in table 1 for which the mod ¢ Galois image is GLy(F,) when ¢ > 5, or
one of GLy(F3), Ns(3), and Nys(3) when ¢ = 3.

Ty The core has field Q. Any one leaf can have field W,. Two leaves can have field W,
if and only if ¢ =1 (mod 4); all three cannot.

T Both cores have field Q. At most one of the four leaves can have field W,, and any
one of them can do so for every odd gq.

Ty The three cores and the leaf attached to the middle core have field Q. At most one
of the four remaining leaves can have field W,. This occurs if and only if 74(¢) > 0,
equivalently if ¢ is a congruent number.

TABLE 4. Intersection patterns on the 2-isogeny trees.

Graph ¢=3 q>5

R4(6)  The fields on the two 3-edges form one of At most one 3-edge has field W, and ei-
the pairs listed for Borel mod 3 image in ther edge can do so.
table 1.

R4(10) All fields are Q. At ¢ = 5, the only possible nontrivial
fields are 75 and 77, on at most one 5-
edge. For ¢ > 7, at most one 5-edge has
field W, occurring if and only if r10(q) >
0.

S Both cores have field Q. At most one At most one non-core 3-edge has field
non-core 3-edge has field M or M’; none W,, occurring if and only if 712(gq) > 0.
has field Wj.

Rs(18) Each row has one field. At most one row At most one row has field W, occurring

has field M or M’, and neither has field

if and only if r15(q) > 0.

Ws.

TABLE 5. Intersection patterns on the mixed graphs. At ¢ = 5, all fields on
S and Rg(18) are Q, since ri5(5) = r15(5) = 0.

Proposition 9.1. For every odd prime q, each intersection pattern listed in tables 4 and 5,
subject to the stated restrictions, occurs for infinitely many distinct j-invariants of non-CM
elliptic curves whose isogeny graph s exactly the indicated graph.

Proof. By section 2.2, none of S, Rg(18), R4(10), or Ty can be enlarged to a larger non-CM
isogeny graph. For N € {10,12, 16, 18} with rx(g) > 0, the elliptic curve &y, has infinitely
many rational points. The corresponding maps to the j-line are nonconstant and have finite
fibers. Excluding the finitely many points giving cusps, singular curves, or CM j-invariants
therefore leaves infinitely many distinct j-invariants.

For ¢ = 3 on S and Rg(18), set w = 1 in (5.1). Then A3(C) = Wj. Since W3 cannot
occur as an intersection field on either graph, all (2, 3)-intersections are trivial. To obtain a
nontrivial intersection, let d represent the 2-division squareclass of a chosen non-core 3-edge
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of S, or a chosen row of Rg(18). Taking [u] = [d] or [u] = [—3d] makes its intersection field
M or M’, respectively. By lemma 5.8 and corollary 5.5, all other intersections remain trivial.
The parameters r and v remain free, leading to infinitely many distinct j-invariants.

In the remaining cases, where the only possible nontrivial intersection field is W,, we obtain
the all-Q pattern by avoiding certain squareclass equalities. Each nonconstant expression f
in (8.2), (8.3), (8.4), (5.10), and (5.12) has a zero or pole of odd order. Thus, the condition
[f] = [w] defines a nontrivial quadratic cover of the corresponding parameter line. The
constant class [—1] in (8.4) is never [w] for an odd prime ¢. By Hilbert irreducibility,
infinitely many rational parameters avoid these equalities. Since the corresponding j-maps
are nonconstant, we get infinitely many distinct source j-invariants with all intersection fields
trivial.

For the remaining graphs, we must also rule out additional rational isogenies. We do
this using modular covers that parametrize these isogenies. An irreducible cover of degree
d cannot acquire a rational section after a base change of degree e < d: such a section
would embed a degree-d function field extension into one of degree e. In the cases below, the
parameters giving additional isogenies therefore form a thin set, which Hilbert irreducibility
allows us to avoid [18, Chapter 3.

For Tg, the family ¢t = wr? gives one marked leaf. The only possible enlargement is Tg,
which would require another leaf squareclass in (8.3) to be trivial. The constant classes
[w] and [—w] are nontrivial, while w?r* — 1 and 1 — w?r? are nonsquares in Q(r). We can
therefore choose infinitely many parameters for which the exact graph is 7.

For T}, the family ¢t = wr? also gives one marked leaf. The other two leaf squareclasses
are nonsquares in Q(r), so we can avoid introducing another core. The only other possible
enlargement is .S, which requires a rational 3-isogeny.

The modular cover parametrizing a rational 3-isogeny is irreducible of degree four over
X (2), since the level 2 and level 3 conditions are independent. As ¢ = wr? defines a degree-
two base change, this cover cannot acquire a rational section. Hilbert irreducibility therefore
gives infinitely many curves with exact graph Tj.

The construction with two marked leaves already has exact graph 7T, by lemma 5.8.

For R,(6), the families giving intersection field W, on one 3-edge for ¢ > 5 have degree
at most two over the t-line. The same holds for the families realizing the eleven (2,3)-
intersection pairs in theorem 5.7. When only the twist parameter u is prescribed, ¢ remains
free, and varying u does not affect rational isogenies.

An enlargement involving additional 3-isogenies would require either two distinct rational
3-isogenies from the same curve or a rational cyclic 9-isogeny extending an existing 3-isogeny.
These possibilities are parametrized by two covers of X,(6): the cover imposing a second
rational 3-isogeny, which requires split Cartan mod 3 image, and X((18), respectively. Both
covers are irreducible of degree three, which follows from their congruence subgroup descrip-
tions. Neither acquires a rational section after a base change of degree at most two.

An additional core on R4(6) would require t or d = (t —1)(t —9) to be square. In a family
where t/w or d/w is made square, the corresponding class remains [w]| and is therefore
nontrivial. The other radicand also remains nonsquare: neither it nor its quotient by the
radicand defining the quadratic base change is square in Q(t), as each has a zero or pole of
odd order. When only the twist parameter u is prescribed, both ¢ and d remain nonsquares

in Q(t).
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Hilbert irreducibility allows us to exclude these additional isogenies while preserving the
prescribed intersection fields, giving exact graph R4(6). When K3(E) has only one quadratic
subfield, take © = 1 or u = —3 in the same parameter families. For the families with exact
mod 3 image B(3), the examples in table 3 and lemma 2.6 ensure that this image is retained
for infinitely many specializations.

Finally, consider Ls(2). The split and nonsplit-Cartan normalizer cases at ¢ = 3 automat-
ically have this exact graph by section 2.2: the larger 2-isogeny trees and R4(10) have full
mod 3 image, while the other mixed graphs admit rational 3-isogenies.

For the cases with full mod ¢ image, the (Q, Q) pattern is obtained from the X(2) family.
The families in proposition 4.5 with exactly one nontrivial intersection field have degree two
over Xy(2). The modular covers parametrizing an additional rational 3 or 5-isogeny are
irreducible of degrees four and six, respectively, over X(2), since the level conditions are
independent. Neither cover acquires a rational section after these base changes.

An additional core is also excluded: the remaining 2-division radicand is nonsquare over
the corresponding parameter function fields, as follows from the formulas in proposition 4.5.
Hilbert irreducibility therefore gives infinitely many specializations with exact graph Lo(2),
the prescribed intersection fields, and full mod ¢ image.

If both intersection fields are W,, the endpoints have the same nontrivial 2-division field.
This rules out Ty, T4, and Ts. The equal field obstructions for Xy(6) and X,(10) also rule
out the mixed graphs. Thus these curves have exact graph Lo(2). 0

Proof of theorem 1.1. By lemma 2.4, any two curves in € are connected by prime degree
isogenies. If p and ¢ are odd, a 2-isogeny preserves both division fields by lemma 2.1. Across
an odd-prime isogeny, division fields at other primes are unchanged. At the isogeny prime,
corollary 3.7 excludes nonabelian intersections for odd prime pairs, and theorem 2.3 preserves
the abelian intersection. This proves part (1).

Suppose next that € has no rational 2-isogeny and that F}, , is not constant on €. Then
some odd-prime isogeny changes the intersection field. By theorems 2.3 and 3.14 and corol-
lary 3.7, this must be a 3-isogeny with {p,q} = {2,3}, and the two fields are the stated
Ss-extension and W3. By proposition 3.17, the entire isogeny graph is Lo(3). Infinitely
many such classes exist by theorem 3.14. This proves part (2).

Now suppose that € contains a rational 2-isogeny. By proposition 2.5, A,(C) is constant
throughout the class, and proposition 4.1 gives the intersection formula and the remaining
assertions of part (3).

For ¢ > 7, proposition 4.4 gives pg,(Gg) = GLa(F,). Hence, A,(C) = Q(¢,) by [5,
Corollary 5.3]. Since W, is the unique quadratic subfield of Q((,), the degree bound in
proposition 4.1 implies F ,(E) € {Q, W,}.

The graph and image classifications in section 2.2 leave exactly the graphs listed in tables 4
and 5. The patterns on Ly(2) follow from proposition 4.5 and theorems 6.4 and 6.8. The
2-isogeny trees are treated in section 8, and the mixed graphs in sections 5.3 to 5.5 and 7.4.
By proposition 9.1, every listed pattern occurs for infinitely many distinct j-invariants on the
stated graph. Since each isogeny class contains finitely many vertices, these give infinitely
many distinct isogeny classes. This completes part (4). 0
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9.2. Cyclic composite degrees. For quadratic fields D, D', with D # D', write

P(D)={(Q Q),(D,Q),(Q D)},
P(D,D") ={(Q Q),(D,Q),(D,Q),(Q,D),(Q D"}

Corollary 9.2. Let ¢ : E — E' be a rational cyclic isogeny of composite degree N between
non-CM elliptic curves over Q. The possible degrees are
N € {4,6,8,9,10,12,15, 16, 18,21, 25}.

If N is odd, then F, ,(E) = F,,(E'") for every distinct prime pair. If N is even, only inter-
sections at pairs {2,q} can differ, and the possible ordered pairs are given in tables 6 and 7.
Fvery pair allowed by these tables occurs for infinitely many distinct source j-invariants.

We list the possible ordered pairs (Fy,(E), Fa,(E")) for a cyclic N-isogeny £ — E’ in two
tables. For ¢ > 7, the only possible nontrivial intersection field is W,. We treat ¢ = 3,5
separately because additional quadratic intersection fields can occur.

N Pairs for ¢ > 7 Conditions for occurrence

4 {Q,W,}? (W,, W,) occurs exactly when ¢ =1 (mod 4).

6,8 P(W,) No further restriction.

10,12,16,18 P(W,) A nontrivial pair occurs exactly when ry(g) > 0; otherwise

only (Q, Q) occurs.

TABLE 6. The (2,q)-intersection fields across a cyclic composite-degree
isogeny, for ¢ > 7.

N ¢=3 g=5
4 P(Ws) for full mod 3 image; P(M,M') {Q,W;}?
when a rational 3-isogeny is present.

6  The pairs in the Borel rows of table 1. P(Ws)

8 P(Ws) P(Ws)
10 (Q Q) P(T5,T5)
12 P(M, M) (@ Q)
16 (QQ) P(Ws5)
18 P(M, M) (Q,Q)

TABLE 7. Possible endpoint intersection pairs for cyclic composite degree iso-
genies at ¢ = 3,5. The fields M, M’ and T5, T} appear only when the corre-
sponding non-Weil quadratic subfields exist.

Proof. The possible degrees follow from the classification of rational cyclic isogenies [4, The-
orem 4.6 and Remark 5.19]. The odd-degree assertion follows from proposition 3.17, while
theorem 1.1(1) handles odd prime pairs.
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To determine the endpoint fields, we use the isogeny matrices in [1, Table 2] to identify
which vertices are connected by cyclic isogenies of each degree.

A cyclic 4-isogeny factors into two successive 2-isogenies. The graph T, gives the possi-
bilities involving W,, with the larger 2-isogeny trees contributing no additional patterns. At
q = 3, two non-core vertices attached to the same core of S also give the pairs involving M
or M'.

A cyclic 8-isogeny connects the endpoints of a path of three 2-isogenies in Ty or Tg. At
most one endpoint can have a nontrivial intersection, and Ty realizes all such pairs. A cyclic
16-isogeny joins leaves at opposite ends of T, so a nontrivial intersection occurs precisely
when r5(q) > 0.

Cyclic isogenies of degrees 6 and 10 join opposite corners of R,(6) and R4(10), respectively.
Their endpoint fields were determined in sections 5.3 and 7.4. Larger graphs containing a
cyclic 6-isogeny give no additional patterns.

A cyclic 12-isogeny in S joins non-core vertices attached to different cores and lying on
different 3-edges. T'wo non-core vertices joined by a 3-edge instead have cyclic degree 3; the
longer path through the cores gives a noncyclic isogeny. A cyclic 18-isogeny joins opposite
corners of Rg(18), in different rows and at opposite ends.

Finally, section A gives

7“10(3) = 7“10(5) = 7‘12(3) = T12(5) = 7"18(3) = T18<5) = T16(3) = O
On the other hand, ri(5) > 0, as witnessed by (45,300) on Y? = X3 — 25X. These

calculations give the entries for ¢ = 3,5. Infinitude follows from proposition 9.1, and taking
dual isogenies gives both orders. 0

Proof of theorem 1.2. Cyclic isogenies of degrees 10, 12, 16, and 18 occur on R,(10), S, Tg,
and Rg(18), respectively.

In sections 5.4, 5.5, 7.4 and 8, we reduced the condition that an endpoint have intersection
field W, to a rational point problem on a genus one curve. For degrees 10, 12, and 18, these
curves are birational to &y . For degree 16, the quartic (8.5) is isogenous to &6 ,. In each
case, rational torsion points correspond only to excluded parameters, as shown in those
sections and lemma A.1. Thus, an intersection equal to W, occurs if and only if rx(q) > 0.

In particular, calculations in section A account for the exclusion of Wy in degree 10 and
W3 in degrees 12 and 18.

The graph restrictions show that the other endpoint has intersection field Q. When
rn(q) > 0, proposition 9.1 yields infinitely many distinct source j-invariants realizing these
intersections. Taking dual isogenies gives both ordered pairs. 0

9.3. Arbitrary isogeny degrees.

Proposition 9.3. Let ¢ : E — E’ be a rational cyclic isogeny of degree N between non-CM
elliptic curves over Q. Then the degrees of all rational isogenies E — E' are exactly Nm?,
with m > 1.

Thus, to determine the possible intersection fields at the endpoints of an isogeny of degree
d, it suffices to consider cyclic isogenies of degrees N such that d = Nm? for some positive
mteger m.

Proof. Since E is non-CM, Homg(E, E’) is free of rank one. The cyclic isogeny v generates
this group: otherwise ¢ would factor through multiplication by an integer greater than
one, contradicting the kernel being cyclic. Thus, every rational isogeny £ — E’ is an
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integer multiple of 1 and has degree Nm? for some m > 1. Conversely, all these degrees
occur. Since multiplication does not change the endpoint curves, their intersection fields are
unchanged. 0

In particular, an odd degree rational isogeny can change a prime-level intersection only for
{p,q} = {2,3} and only in degree 3m?, with m odd. Conversely, composing the exceptional
3-isogenies of theorem 3.14 with [m] realizes the same two intersection fields for every odd
m, with infinitely many distinct source j-invariants.

Thus, the cyclic hypothesis in proposition 3.17 is essential: a noncyclic isogeny of degree
27 can change a prime-level intersection. Likewise, composing an exceptional 3-isogeny with
2] gives a noncyclic isogeny of degree 12 with unequal (2, 3)-intersection fields, one of which
is nonabelian. For cyclic degree 12 isogenies, both intersection fields have degree at most
two.

APPENDIX A. RATIONAL POINT CALCULATIONS

We record the torsion groups of the four auxiliary families and the rational points on twenty
fixed curves. The accompanying code [3] verifies the descent and point count calculations
for the fixed curves.

A.1. Torsion on the four auxiliary curves.

Lemma A.1. For an odd prime q and w = ¢*, the rational torsion groups of &9, and &g,
are Cy, and those of 124 and &4 are Cy X Cs.

Proof. For &, the only rational point of order 2 is (0,0); the other roots require v/—1.
Halving (0,0) would require 5w? to be square, so there is no rational point of order 4.

The curve Y? = X? — 2X? 4+ 5X, whose quadratic twist by w is &0, has a rational point
of order 3 at (1,2). Its 3-division polynomial factors as

(X —1)(3X% —5X% + 25X + 25).

The cubic factor is irreducible over Q, so this gives the only rational 3-isogeny. On &9, the
nonzero points in its kernel have X = w and Y? = 4w3. Since w = ¢* is nonsquare, these
points are not rational. Thus, there is no rational 3-torsion.

A rational point of order 5 or 7 would, together with the existing rational 2 and 3-isogenies,
give a forbidden cyclic isogeny of degree 30 or 42. Mazur’s torsion theorem [4, Theorem 4.1]
therefore gives Cs.

For &3, the roots are 0, w, —3w. A point (e;,0) can be halved over Q only if both e; — ¢,
and e; — e are rational squares. This fails at all three roots, so there is no rational 4-torsion.
For w = 1, the 3-division polynomial is 3X* + 8X3 — 18X? — 9, which is irreducible mod 5.
Thus, this curve has no rational 3-isogeny, and neither does any of its quadratic twists. In
particular, &2, has no rational 3-torsion. Mazur’s theorem now gives Cy x Cs.

For &i6,4, the same halving criterion at the roots 0, ¢, —¢ excludes rational 4-torsion. A
rational point of order 3 would give a rational solution to 3z* — 622 — 1 = 0, obtained from
the 3-division polynomial by setting X = ¢z. There is no such solution. Again, Mazur’s
theorem gives Cy x Cj.

For &is4, the only rational point of order 2 is (—w,0). Translating this point to the
origin gives Y? = X3 — 3wX? + 3w?X. Halving (0,0) would require 3w? to be square,
so there is no rational 4-torsion. The 3-division polynomial in the original coordinates is
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3X(X? + 4w?). The cubic factor has no rational root, while X = 0 would require Y? = w?,
which is impossible. Thus, there is no rational 3-torsion.

Finally, for each prime p € {5,11,17} with p # ¢, the curve has good reduction and
#613,4(Fp) = p+ 1, since cubing is bijective over F,,. At least two of these primes differ from
¢, and any two of the corresponding group orders 6, 12, 18 have greatest common divisor 6.
Thus, the rational torsion subgroup has order dividing 6. Since it contains a point of order
2 but no point of order 3, it is C.

O

A.2. The fixed obstruction curves. Write F(a,b) : Y2 = X3 4+ aX? 4+ bX.

Lemma A.2. Every curve in table 8 has rank zero. Its rational points are O, the points
(x,0) at the rational roots of ° + ax® + bx, and the additional points listed in the table.

a b Additional points a b Additional points
0 —1 none —15 75 none
0 —4 none 9 27 none
-3 3 (1,%£1),(3,£3) 0 —9 none
2 =3 (—1,£2),(3,%6) —10 9 mnone
—2 =3 none 30 81 mnone
6 —27 none —6 5 none
—6 —27 none -1 1 (1,4£1)
6 45 none 3 9 (3,£9)
—10 125 none —18 —27 none
10 —75 none —30 125 none

TABLE 8. The fixed rank-zero curves. “Additional points” means points with
nonzero Y -coordinate.

Proof. The accompanying code [3] provides the calculations for all twenty curves, including
certificates for the descent computations. The listed points therefore give the complete
rational point sets. [l

For the short Weierstrass models used in the normalizer and X(10) arguments, the changes
X=2-6,X=x-2,and X =2 — 10 identify Y? = X3 - 135X — 594, Y? = X3 - 7X —6,
and Y? = X3 —175X — 750 with F(—18, —27), E(—6,5), and E(—30, 125), respectively. The
changes X = x + 3 and X = z — 1 identify Y? = X3 — 27 and Y? = X3 + 1 with F(9,27)
and F(—3,3).

The rank-zero calculations in table 8 imply

7’10(3) = 7’10(5) = T12(3> = 7"12(5) = 7’18(3) = T18<5) = T16(3> = O

For N = 18, we obtain the models in the table by translating the rational 2-torsion point
(—w,0) to (0,0).
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